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ABSTRACT
H o rizo n ta l wind components, p o te n t ia l  tem p era tu re , and m ixing 
r a t i o  f i e ld s  a s so c ia te d  w ith  a severe  storm  environm ent in  the  south  
c e n tr a l  U .S. were o b je c t iv e ly  analyzed from sy n o p tic  upper a i r  o b serva­
t io n s  w ith  a non-homogeneous, a n iso tro p ic  w e ig h tin g  fu n c tio n . The g r id  
dim ensions o f the  a rea  o f  s tu d y  were near 125 k ilo m e te rs  h o r iz o n ta l ly  
and 50 m il l ib a r s  v e r t i c a l l y  a t  18 p re ssu re  l e v e l s .  Each da ta  f i e ld  was 
f i l t e r e d  w ith  v a r ia t io n a l  o p tim iz a tio n  a n a ly s is  te ch n iq u es . The v e r t i c a l  
motion f i e ld  was then analyzed  using  v a r ia t io n a l  o p tim iz a tio n  a n a ly s is  to 
in su re  th a t  th e  three-com ponent wind f ie ld  s a t i s f i e d  mass c o n tin u ity .
The lo c a l  time change o f  p o te n t ia l  tem peratu re  and m ixing r a t i o  was de­
term ined in  o rd er to  c o r r e la te  the  tem peratu re  and m o is tu re  ad v ec tio n  
p a t te rn s  w ith  sev ere  storm  developm ent. A v a r i a t io n a l  o p tim iz a tio n  a n a l­
y s is  model co n ta in in g  th e  fo u r d im ensional ad v ec tio n  eq u a tio n  was used to  
produce ad v ec tiv e  fo re c a s ts  o f  the  p o te n t ia l  tem pera tu re  and m ixing r a t i o  
f i e ld s .
For th e  d a ta  base o f  26/1200Z May 1973, s e v e ra l  m ajor f in d in g s  
emerged. The dry  in t r u s io n  i s  c h a ra c te r iz e d  by warm a i r ,  the a d v ec tio n  
o f  which produces a w e ll d e fin ed  upward m otion p a t te r n .  A co rrespond ing  
downward m otion p a t te rn  ap p a ren tly  com prising a deep v e r t i c a l  c i r c u la t io n  
in  th e  warm a i r  s e c to r  o f the  a s so c ia te d  low p re s su re  system  was d e te c te d . 
A nother m ajor r e s u l t  was th e  alignm ent o f th e  axes o f  maximum dry  and warm 
ad v ec tio n  w ith  the ax is  o f  the  tornado producing  s q u a ll  l in e  th a t  subse­
q u en tly  developed.
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VARIATIONAL OPTIMIZATION ANALYSIS 
OF TEMPERATURE AND MOISTURE ADVECTION IN A SEVERE STORM ENVIRONMENT
CHAPTER I  
INTRODUCTION
The environm ent o f the  sev e re  thundersto rm  has been su b jec te d  
to  in te n se  study  in  re c e n t  y ears  in  an e f f o r t  to  understand  th e  p ro ­
c e sse s  o ccu rrin g  w ith in  th e  severe  thundersto rm  th a t  produce h ig h  s u r ­
fa c e  w inds, la rg e  h a i l ,  floo d -p ro d u c in g  heavy r a in s ,  and to rn a d o e s . As 
th e  knowledge o f th ese  p ro cesses  in c re a s e s ,  so does the  a b i l i t y  o f  
m e te o ro lo g is ts  to  a c c u ra te ly  p r e d ic t  and perhaps e v e n tu a lly  modify the  
o ccu rrence  and s e v e r i ty  o f th e se  damaging phenomena.
E m pirical re s e a rc h , most n o ta b ly  by M ille r  (1972), p ro v id es  v e ry  
im p o rtan t r e la t io n s h ip s  between sy n o p tic  and m eso-scale  fe a tu re s  and the  
p ro cesses  o ccu rrin g  on th e  in d iv id u a l thundersto rm  s c a le .  The b a s ic  
reaso n  fo r  th is  i s  th a t  the  la r g e r  s c a le  phenomena a re  con tinuous spa­
t i a l l y  and tem pora lly  and a re  s u b je c t  to  adequate  measurement by a  v a r i ­
e ty  o f  te ch n iq u es ; p ro cesses  o c cu rrin g  on the  s c a le  o f  th e  thunderstorm  
a re  v ery  d i f f i c u l t  to  m easure. S ince th e  th u n d e rs to rm 's  prim ary  source  
o f  energy appears  to  be the  buoyancy g en e ra ted  by l a t e n t  h e a t  re le a s e  in  
a  c o n d itio n a lly  u n s ta b le  atm osphere, s tu d ie s  o f  the  m o is tu re  tr a n s p o r t  in  
a  sev ere  storm  environm ent have been v e ry  encouraging (McGinley, 1973; 
S a sak i, 1973; Lew is, 1971; Sasak i and Lew is, 1970; and H y lton , 1972). 
These s tu d ie s  em phasize th e  h igh  c o r r e la t io n  between m o is tu re  convergence 
i n  th e  lower atm osphere and the occu rren ce  and development o f  sev ere  
s to rm s.
The d e te rm in a tio n  o f  m o is tu re , expressed  a s  p r e c ip i ta b le  w a ter 
(w ater mass p e r  u n i t  a rea ) and th e  time change o f m o is tu re , which can 
be c o r re la te d  w ith  p r e c ip i t a t io n  (Palmen, 1967) have a ls o  been used 
w ith  su ccess  in  th e  a n a ly s is  o f  thunderstorm  o ccu rrence  and p r e c ip i ta ­
t io n  amounts w ith  the  sto rm s.
Tem perature ad v ec tio n  s tu d ie s  should prove e q u a lly  v a lu a b le .
In  a d d itio n  to  id e n t i fy in g  th e  environm ental s t a b i l i t y  changes produced 
by d i f f e r e n t i a l  tem peratu re  a d v ec tio n , im portan t c lu e s  to  the  dynamics 
o f  s q u a ll  l i n e  development should  r e s u l t .  M ille r  (1972) s t r e s s e s  the  
p resence  o f  a lower le v e l warm a i r  in tru s io n  as a lo c a to r  fo r  severe  
storm  developm ent. The dynamic reason ing  fo r  t h i s  appears to  be lin k ed  
to  the  s tro n g  upward m otions, produced by warm a i r  a d v ec tio n , th a t  a re  
conducive to  severe  storm  occu rren ce . P f e f f e r  (1962) suggests th a t  
therm al ad v ec tio n  in  the  low er troposphere  dom inates over the  v o r t i c i t y  
a d v ec tio n  in  determ in ing  v e r t i c a l  motion f ie ld s  fo r  sm a lle r  sc a le  phenom­
en a. M orris (1972) a lso  c i t e s  the  predominance o f  therm al ad v ec tio n  over 
v o r t i c i t y  a d v ec tio n  in  p roducing  v e r t i c a l  m otions.
The r e la t io n s h ip  between v e r t i c a l  m otion, v o r t i c i t y  ad v ec tio n , 
and th ic k n e s s , o r  therm al, a d v ec tio n  i s  b e s t d e sc rib e d  by the  omega 
e q u a tio n  developed from the p r im itiv e  eq uations o f  m eteorology. The 
omega eq u a tio n  i s  a d ia g n o s tic  ex p ress io n  fo r  th e  v e r t i c a l  wind com­
ponen t, (u, th a t  i s  n o t r e l i a n t  upon a cc u ra te  measurements o f  the  h o r i ­
z o n ta l w inds. Although the  "(u-equation" i s  based on the  geos tro p h ic  
wind approx im ation  and the low er atm osphere has non-geos tro p h ic  com­
p o n en ts , an exam ination o f  th e  uj-equation w i l l  p ro v id e  in s ig h t  in to  the  
p ro cesses  which produce v e r t i c a l  m otion. In  v e c to r  form, the  w -equation
s im p lif ie d  (from  H o lton , 1972) i s
-W  = C l ^ [ V . 2 T ] ] - C 2 r V ' ? 8 ]
w here w = v e r t i c a l  m otion, downward m otion i s  p o s i t iv e
V = h o r iz o n ta l  v e c to r  wind
^  = h o r iz o n ta l  d if fe re n c e  o p e ra to r ,  a v e c to r
C^, Cg = p o s i t iv e  c o n s ta n ts  when ev a lu a ted  a t  c o n s ta n t 
p re s su re
T] = a b so lu te  v o r t i c i t y ,  th e  sum o f r e la t iv e  v o r t i c i t y  and 
c o r io l i s  a c c e le r a t io n
0 = p o te n t ia l  tem perature
The f i r s t  term  on th e  r ig h t  hand s id e  i s  the  d i f f e r e n t i a l  v o r ­
t i c i t y  ad v ec tio n  term , a term  which norm ally  predom inates in  the  atmo­
sp h e re . The second term  ?s the  th ic k n e ss  ad v ec tio n  term . Upward v e r t i ­
c a l  m otion r e s u l t s  from an in c re a se  w ith  h e ig h t o f  p o s i t iv e  v o r t i c i t y  
a d v ec tio n , a c o n d itio n  norm ally found from a trough a x is  to  the  down­
s tream  r id g e  a x is .  This re q u ire s  th a t  th e  winds in c re a s e  w ith  h e ig h t 
due to  the  ( ^  V ) term ; i f  the  winds a re  in v a r ia n t  w ith  h e ig h t ,  then  
th e re  i s  no c o n tr ib u tio n  to  v e r t i c a l  m otion from d i f f e r e n t i a l  v o r t i c i t y  
ad v ec tio n .
The th ick n ess  ad v ec tio n  term  produces upward v e r t i c a l  m otion 
f o r  warm a i r  a d v ec tio n  ( V • 7  9 i s  n e g a tiv e  fo r  warm a i r  a d v e c tio n ) . 
T h is term  is  o r d in a r i ly  sm all in  th e  atm osphere because th e  iso therm s 
p a r a l l e l  the wind s tre a m lin e s  (o r  h e ig h t c o n to u rs ) , b u t in  develop ing  
b a r o c l in ie  system s, th e  tem peratu re  ad v ec tio n  term is  s u b s ta n t ia l .
The sy n o p tic  s i tu a t io n s  formed by th e  severe  thundersto rm  in  the 
G rea t P la in s  a l l  in c lu d e  a develop ing  b a ro c l in ie  low p re s su re  system
w ith  pronounced therm al ad v ec tio n  p a tte rn s  (M ille r , 1972). Many o f  
th e se  systems i n i t i a l l y  develop as a warm-core dynamic low p re s su re  
c e n te r  as a r e s u l t  o f  cy c lo g en esis  in  the  le e  tro u g h , a  warm core  
t r o u ^  formed from a com bination o f so u th e r ly  warm flow , su b sid in g  a i r  
a c ro ss  the  Rocky M ountains and h o r iz o n ta l  w arn ad v ec tio n  from th e  h ig h e r  
te r r a in  to  the  w est. The l a t t e r  two mechanisms in d ic a te  th a t  the  warm 
a i r  i s  v ery  dry  in  th e  lower la y e r s .  This warm a i r  is  then advected  
eastw ard and northw ard as  the  low p re s su re  c e n te r  con tinues to  develop . 
This i s  i l l u s t r a t e d  in  F ig u res  1 and 2 a t  th e  850 mb le v e l and th e  700 mb 
le v e l  fo r  one o f  the  in v e s t ig a t iv e  case s tu d ie s  o f  t h i s  p ap er.
From the  a u th o r 's  sy n o p tic  ex p erien ce , th e  wind p r o f i l e  in  the
so u th e a s t s e c to r  o f  cy c lo g en esis  in  the  le e  trough  i s  la rg e ly  in v a r ia n t  
w ith  h e ig h t through th e  low er and m iddle le v e ls  (o c c as io n a lly  to  th e  500 
mb le v e l)  c o in c id e n t w ith  the  therm al r id g e  in  th e  low le v e l s .  This sug­
g e s ts  th a t  the  env ironm ental v e r t i c a l  m otion f i e ld  may be la rg e ly  
determ ined by the  th ic k n e ss  ad v ec tio n , which can be determ ined by e v a l­
u a tio n  o f  tem peratu re  ad v ec tio n . One example o f  th e  magnitude o f  the  
warm a i r  ad v ec tio n  i s  shown in  F igure  3. The soundings a re  fo r  T inker 
AFB, Oklahoma on 26/002 and 26/122, May 1973. A tornado producing  s q u a ll
l i n e  occurred  in  e a s te r n  Oklahoma l a t e r  on i n  th e  day.
In  severe  sto rm  environm ents, the source  fo r  much o f  the  h e a t  
energy appears to  be ra d ia t io n a l  h e a tin g  o f  th e  h ig h e r t e r r a in  o f  
e a s te rn  New M exico, th e  High P la in s  o f  Texas and w este rn  Oklahoma. In  
sev ere  storm  sy n o p tic  s i tu a t io n s ,  the c lo u d -fre e  d ry  a i r  to  th e  w est o f  
th e  su rfa ce  lo c a tio n  o f  a  maximum dew -point tem peratu re  g ra d ie n t h e a ts  
r a p id ly .  S ince th e  low er p o rtio n s  o f  th is  a i r  mass have a n e a r d ry -
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F igure  l a - l c . The 700 mb an a ly se s  fo r  25/1200Z, 26/1200Z, and 
27/1200Z May 1973. The sy n o p tic  p a t te rn s  i l l u s ­
t r a t e  th e  pronounced warm-core n a tu re  o f  c y c lo ­
genesis  and fro n to g en es is  in  the  le e  o f  the  
m ountains trough , which i s  e s p e c ia l ly  e v id e n t in  
F igure lb .  During the  t r a n s i t io n  from th e  warm 
core low to  the  co ld  core low in  F igure  I c ,  warm 
ad vec tion  i s  pronounced to  the  e a s t  o f th e  trough  
a x is .  This is  followed by the  pronounced co ld  
ad v ec tio n  to  the  w est as th e  low changes to  a 
cold co re  s t r u c tu r e .
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F ig u re  2a.
F ig u re  2 a -2 e . The 850 mb an a ly se s  fo r  25/1200Z te  27/1200Z May 
1973 a t  12-hour in te r v a l s .  This s e r ie s  i l l u s t r a t e s  
the  warm core  n a tu re  o f  the  trough in  th e  le e  o f  
th e  m ountains. As the  system  d ev e lo p s , th e  therm al 
r id g e ,  which i s  i n i t i a l l y  c o in c id e n t w ith  th e  trough 
l i n e ,  i s  advected  eastw ard  producing  s tro n g  warm 
a i r  a d v e c tio n . This i s  e v id en t in  F ig u res  2b to  2d . 
The source  o f  the  warm a i r  appears to  be a combina­
t io n  o f r a d ia t io n a l  h e a tin g  from th e  h ig h  le v e l  
t e r r a in  o f  the  m ountains (F igure  2a ) ,  s o u th e r ly  flow , 
su b s id in g  a i r  over the  m ountains, and rem nants o f  the 
warm a i r  o f  a su b s id in g  rid g e  (no t in d ic a te d  in  
th e se  f ig u r e s ) .  The s tro n g  co ld  a i r  a d v ec tio n  to  
the  w est o f  the  develop ing  low i s  a s s o c ia te d  w ith  
f ro n to g e n e s is .
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F ig u re  3. The T inker AFB, OK (TIK) soundings fo r  26/OOZ and 26/12Z May 1973.
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a d ia b a t ic  lap se  r a t e  and s tro n g  w inds, th e  v e r t i c a l  and h o r iz o n ta l  
t ra n s p o r t  o f  th i s  tem peratu re  i s  f a c i l i t a t e d .
Thus, the  a n a ly s is  o f  tem pera tu re  and m o is tu re  ad v ec tio n  in  
sev ere  storm  environm ents i s  a v ery  f r u i t f u l  a re a  o f  sev ere  storm  r e ­
sea rc h . S tu d ies  to  d a te  have been hampered by s e v e ra l  f a c to r s .  One 
fa c to r  i s  the  la c k  o f  measurements on the  m eso -sca le : an o th e r i s  the  
a c c u ra te  com putation o f  the  v e r t i c a l  component o f  m otion needed fo r  
th re e  d im ensional a n a ly s is  o f  the  a d v ec tio n . I t  i s  emphasized th a t  
tem perature  and m o is tu re  ad v ec tio n , w hether c a lc u la te d  o r in fe r r e d  from 
th e  sy n o p tic  s i tu a t io n ,  i s  a sh o rt-ra n g e  fo r e c a s t  to o l .  A lthough ad­
v e c tio n  has a s u b s ta n t ia l  ro le  in  the  atm osphere (as evidenced by the  
ad v ec tio n  terms in  the  dynamic m odels), i t  cannot d e sc r ib e  o r  accoun t 
f o r  a l l  the  p ro cesses  which occur. For exam ple, lo c a l  tem peratu re
( th ic k n e ss )  ad v ec tio n  w i l l  produce a c c e le r a t io n s  to  the  wind compon­
e n ts  as a r e s u l t  o f  the  h e ig h t g ra d ie n t changes. This wind change 
would then a f f e c t  the  ad v ec tio n  c a lc u la t io n s .  Due to  th ese  i n t e r a c t ­
io n s , ad vec tion  models a re  sh o r t range fo re c a s t  m odels. The tim e 
span i s  lim ite d  to  th e  o rd e r o f s e v e ra l  h o u rs , th e  tim e s c a le  o f  th e  
thunderstorm  and s q u a ll  l i n e .
The advent o f  s a te l l i t e - b o r n e  rem ote sen s in g  o f f e r s ,  through 
p r o f i l e  in v e rs io n  techn iques based on therm al in f r a r e d  m easurem ents, 
th e  tem peratu re  and hum id ity  p r o f i l e s  on s c a le s  even sm a lle r th an  th e  
m eso -sca le . Two r e s id u a l  problems a re  th a t  wind measurements s t i l l  
must be d e riv ed  from o th e r  sources and th a t  measurements a re  c o n tin g e n t 
upon the  a v a i l a b i l i t y  o f the  s a t e l l i t e  s e n so rs ; hence th ese  o b se rv a tio n s  
must be time w eighted  b e fo re  in c lu s io n  in  an  a d v ec tio n  model.
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The wind components m ust, a t  l e a s t  fo r  th e  n e a r fu tu r e ,  be 
d e riv ed  from th e  sy n o p tic  s c a le  upper a i r  o b se rv a tio n  netw ork o p e ra ted  
by the  N a tio n a l W eather S e rv ic e . The measurement s i t e s  a re  i r r e g u la r ly  
spaced and th e  measurements in c lu d e  a l l  s c a le s  o f m otion and c o n ta in  
c o n s id e ra b le  n o is e , e s p e c ia l ly  a t  h ig h e r  le v e ls  and wind speeds (O 'B rien , 
1970). This n o ise  and the  n o n -re so lv a b le  wave le n g th s  in  th e  m easure­
ments must be s e le c t iv e ly  e lim in a te d  from the  d a ta .
This re se a rc h  i s  o r ie n te d  toward th e  development o f  an advec­
tio n  model cap ab le  o f  a s s im ila t in g  rem otely  sensed tem pera tu re  and 
m o is tu re  p r o f i l e s  (when a v a i la b le )  w ith  th e  tem p era tu re , m o is tu re , and 
wind component d a ta  c u r r e n t ly  a v a ila b le  from co n v en tio n a l o b s e rv a tio n s . 
These d a ta  a re  o b je c t iv e ly  analyzed  u s in g  an a n is o t ro p ic ,  non-homogeneous 
w eigh t fu n c tio n  designed  to  minim ize e r ro r s  in  th e  com putation o f  th e  
v e r t i c a l  component o f  m otion. The d a ta  a re  f i l t e r e d  u s in g  S a s a k i 's  
v a r ia t io n a l  o p tim iz a tio n  a n a ly s is  techn ique to  s e le c t iv e ly  su p p ress  the 
n o n -re so lv a b le  w avelengths both  h o r iz o n ta l ly  and v e r t i c a l l y .  These 
a ss ig n ed  d a ta  f i e ld s  a re  in co rp o ra ted  in  a  second v a r i a t io n a l  o p tim iza ­
t io n  a n a ly s is  scheme to  in s u re  th a t  the ad v ec tio n  q u a n t i t ie s  a re  c o n tin ­
uous w ith in  the  g r id .  The f i n a l  a n a ly s is  i s  the  c o r r e la t io n  o f  th e  
observed f i e ld s  and th e  l in e a r  ad v ec tio n  o f  th e se  f i e ld s  w ith  observed  
sev ere  thundersto rm  environm ents. This a n a ly s is  model i s  a v a r ia t io n a l  
o p tim iz a tio n  a n a ly s is  model in c o rp o ra tin g  the  tim e dim ension in  a d d it io n  
to  the  th re e  space d im ensions. The v a r ia t io n a l  form alism  in c lu d e s  
f i l t e r s  in  the  fo u r dim ensions to  suppress com puta tional e r r o r  and non- 
re so lv a b le  d a ta  f i e l d  w avelengths in tro d u ced  a t  tim es l a t e r  th an  th e  
i n i t i a l i z a t i o n  tim e.
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The sev ere  thunderstorm  s i tu a t io n  s e le c te d  fo r  s tu d y  occu rred  
on 26 May 1973. A p re f ro n ta l  s q u a ll  l i n e  developed in  a s s o c ia t io n  w ith  
a develop ing  su rfa c e  low p re s su re  c e n te r  in  so u th ern  K ansas. The 
s q u a ll  l in e  developed from th e  Kansas-Oklahoma b o rd e r southward th r o u ^  
e a s te rn  Oklahoma. S everal tornadoes w ere re p o rte d  w ith  th is  s q u a ll  
l i n e  in  Kansas and Oklahoma; one tornado in  e a s t  c e n tr a l  Oklahoma 
claim ed f iv e  l iv e s  in  the sm all town o f  K eefe ton . From F ig u res  1 , 2 , 
and 3, th e  tem pera tu re  and m o istu re  ad v ec tio n  p a t te rn s  w ith  the  develop­
in g  system  w ere ex ten s iv e  and pronounced; th is  re se a rc h  w i l l  c o r r e la te  
tem peratu re  and ad v ec tio n  f ie ld s  d e riv ed  from v a r ia t io n a l  o p tim iz a tio n  
a n a ly s is  methods w ith  the s q u a ll  l in e  developm ent.
An independen t d a ta  s e t  was used to  develop and v e r i f y  the  nu­
m erica l m odels, b u t the  r e s u l t s  a re  n o t in c luded  as a  case  s tu d y . This 
d a ta  s e t  i s  11 June 1973; an a r e a l  coverage o f  m oderate thunderstorm s 
developed a lo n g  the  Texas-Oklahoma b o rd e r.
CHAPTER I I  
DATA OBJECTIVE ANALYSIS
The num eric models o f  th e  in v e s t ig a t io n  re q u ire d  an o b je c tiv e  
a n a ly s is  to  a s s ig n  v a lu e s  o f  w ind, tem pera tu re , and m o is tu re  to  regu­
l a r l y  spaced g r id  p o in ts  from th e  i r r e g u la r ly  spaced o b se rv a tio n  p o in ts .  
The o b je c tiv e  a n a ly s is  method used ass ig n ed  a g r id  p o in t v a lu e  as  the  
w eighted average  o f  th e  su rround ing  o b se rv a tio n s ; th e  p h y s ic a l shape o f 
the d a ta  f i e ld s  de term ines the  method o f  w eigh ting  th e  observed v a lu e s . 
The w eigh t fu n c tio n  must be c a r e f u l ly  s e le c te d  to  avo id  unnecessary  
smoothing o f  th e  d a ta  f i e ld s  and to  avo id  th e  in tro d u c tio n  o f  frequen­
c ie s  re s o lv a b le  by th e  g r id  netw ork b u t a c tu a l ly  n o n -re so lv a b le  from 
the o b se rv a tio n  p o in t  netw ork. This may occu r when th e  g r id  spacing  i s  
f in e r  than  th e  average  o b se rv a tio n  p o in t  sp ac in g . F i l t e r s  may be subse­
q u e n tly  used to  su p p re ss , b u t n o t e l im in a te , th e  am plitude  o f  non- 
re so lv a b le  w av elen g th s , as  ex p la in ed  in  Appendix B. This im p lies  th a t  
the  a ss ig n ed  d a ta  f i e ld s  be as a c c u ra te  as  p o s s ib le  to  avo id  the  i n t r o ­
d u c tio n  o f  e r r o r  in to  a l l  l a t e r  num eric a sp e c ts  o f  th e  in v e s t ig a t io n .
When d a ta  to  be a ss ig n ed  to  re g u la r ly  spaced g r id  p o in ts  from 
i r r e g u la r ly  spaced measurement p o in ts  a re  i s o t r o p ic  and homogeneous, 
th e  w eigh t fu n c tio n s  may be c i r c u la r  and d is ta n c e  dependent. The ra d iu s  
o f  in f lu e n c e  may be determ ined  from the  c o r r e la t io n  fu n c tio n  o r  from 
s c a le  c o n s id e ra tio n s  i f  th e  a n a ly t ic  s p e c t r a l  response  o f  th e  w eight 
fu n c tio n  i s  known.
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However, the  h o r iz o n ta l  wind components and v a r ia b le s  advected 
by the wind have a n is o tro p ic  and non-homogeneous c o r r e la t io n  fu n c tio n s .
A c o r r e la t io n  fu n c tio n , as  used by Gandin (1965), i s  the  re la t io n s h ip  
between the  c o r r e la t io n  c o e f f ic ie n ts  o f  a  d a ta  f i e ld  and d is ta n c e .
The an iso tro p y  stems from a g re a te r  c o r r e la t io n  p a r a l l e l  to  the  wind 
than crossw ind. The non-homogeneity a r i s e s  because th e  c o r re la t io n s  
a re  fu n c tio n s  o f  th e  wind speed, which v a r ie s  th roughout th e  g r id  a re a . 
When an is o t r o p ic ,  homogeneous w eight fu n c tio n , such as  the  well-known 
Cressman fu n c tio n , i s  used fo r  the  o b je c t iv e  a n a ly s is ,  e r ro r s  a re  i n t r o ­
duced in to  the  com pu ta tions. An example o f  th i s  i s  con tained  as  Appendix 
A, Comparison o f Cressman and A n iso tro p ic  E xponen tia l W eighting F u n ctions.
An a n is o t ro p ic ,  non-homogeneous w e ig h tin g  fu n c tio n  was developed 
fo r  th i s  s tu d y . The w eigh t fu n c tio n , W, i s  d e fin ed  as
W = ^  exp{ — ^  ^ ^2------- )
k ( l  + P cos @)
where V = a b so lu te  v a lu e  o f the  wind speed a t  th e  o b serv a tio n  p o in t
V* = d e fin ed  as  a s c a le  maximum wind 
2 2X +• y = d ista n ce  squared from the observation  poin t to  the 
grid  p o in t
k = the  f i l t e r  param eter
g = the  a n is o t ro p ic  param eter
$ = an g le  between the wind d i r e c t io n a l  ang le  and the  d i r e c ­
t io n a l  an g le  from the  g r id  p o in t  to  th e  o b serv a tio n  p o in t
This w eigh t fu n c tio n  was designed  by combining the  b e s t  fe a tu re s  
o f Inm an's a n is o t ro p ic  w eigh t fu n c tio n  (Inman, 1970) and B arnes' expo­
n e n t ia l  w eigh t fu n c tio n  (B am es, 1973). The ex p o n en tia l form i s  p re ­
fe rre d  over the  b a s ic  Cressman form due to  th e  fo llow ing  d e s ira b le
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fe a tu re s  c i te d  by Barnes :
1. The w eigh t fu n c tio n  c h a r a c te r i s t i c s  can be chosen p r io r  to  
th e  a n a ly s is  so th a t  p a t te r n  sc a le s  supported  by th e  d a ta  d i s t r ib u t io n  
w i l l  be re v e a le d .
2 . Because th e  w eight fu n c tio n  approaches zero  a sy m p to tic a lly , 
the  In f lu en ce  o f d a ta  can be extended any d is ta n c e  w ith o u t changing th e  
w eight fu n c tio n  and, th e re fo re , th e  response c h a r a c t e r i s t i c s .  This 
f e a tu re , when compared to  the  Cressman w eigh t fu n c tio n  which has a 
r e la t iv e ly  sharp  c u t - o f f  a t  th e  s p e c if ie d  maximum In f lu e n c e  r a d iu s .  I s  
very  d e s ir a b le  from a s p e c tr a l  response  s ta n d p o in t because I t  reduces 
the h igh  freq u en c ies  a s so c ia te d  w ith  any w eight fu n c tio n  o r  d a ta  window.
3. Small s c a le  I r r e g u l a r i t i e s  a re  ad eq u a te ly  su p p ressed , so 
fu r th e r  smoothing I s  o f te n  n o t n e ce ssa ry .
4 . The re s o lu t io n  a f t e r  one I t e r a t i o n  Is  com parable to  fo u r 
o r  more I t e r a t io n s  In  th e  Cressman su ccess iv e  c o r re c t io n  method.
In  B arnes' p a p e r , an a n a ly t ic  response  fu n c tio n  o f  th e  exponen­
t i a l  w eight fu n c tio n  showed k to  be a low -pass f i l t e r  p a ram ete r. A 
sm all v a lu e  o f  k  a llow s h ig h  freq u en c ies  In  the  d a ta ;  a l a r g e r  v a lu e  o f 
k suppresses th ese  freq u e n c ie s . The param eter p a llow s a g r e a te r  w eight 
to  upwlnd/downwlnd o b serv a tio n s  than  fo r  crossw ind o b s e rv a tio n s . The 
c h a r a c te r i s t i c s  o f  the  w eigh t fu n c tio n  fo r  s e le c te d  v a lu e s  o f  k  and g 
a re  co n ta ined  In  F igu re  4 .  For the  o b je c t iv e  a n a ly s is  o f  th i s  I n v e s t i ­
g a tio n , k was ass ig n ed  a v a lu e  o f  0 .5  and g was a ss ig n ed  a v a lu e  o f  
4 .0  a f t e r  v is u a l  exam ination  o f  the  freq u en c ies  p re s e n t In  the  analyzed  
w ind, tem p era tu re , and m o istu re  f i e ld s .
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F ig u re  4 . W eight a ss ig n ed  to  s t a t io n  o b se rv a tio n  as a 
fu n c tio n  o f  d is ta n c e  r ,  where r^ = x^ + y%, 
and d i r e c t io n  v e c to r ,  $. For the ad v ec tio n  
in v e s t ig a t io n s ,  th e  g r id  spac ing  was % inch . 
Note th a t  a  fam ily  o f  curves i s  g enera ted  
fo r  each s e t  o f K and g s e le c te d ,  w hich 
governs the  degree o f  a n iso tro p y  and s c a le  
sm oothing.
CHAPTER I I I
THE VARIATIONAL FILTER
The assigned  f ie ld s  o f  tem p era tu re , m o is tu re , and h o r iz o n ta l  
wind components re q u ire  a d d i t io n a l  f i l t e r i n g  to  supp ress n o n -re so lv a b le  
s p a t i a l  fre q u e n c ie s . The m ajor requ irem en t fo r  f i l t e r i n g  a r i s e s  from 
the  th re e  dim ensional n a tu re  o f  th e  in v e s t ig a t io n ;  the  i n i t i a l i z e d  d a ta  
f ie ld s  have been smoothed im p l ic i t ly  by the  w eighted average o f  the 
observed d a ta  p o in ts  in  th e  h o r iz o n ta l  o n ly , and th is  sm oothing has 
n o t been uniform  due to  th e  a n iso tro p y  and inhom ogeneity o f  the  w e ig h t­
ing  fu n c tio n .
Since th e  upper a i r  re p o r t in g  network has an average spacing  
o f  approxim ately  400 km over the  a re a  o f  the  s tudy , the  minimum re s o lv ­
ab le  w avelength i s  800 km under op tim al c o n d itio n s . In  th e  v e r t i c a l  
however, w ind, tem p era tu re , and m o is tu re  d a ta  a re  a v a i la b le  every  50 mb, 
the  v e r t i c a l  minimum re s o lv a b le  w avelength i s  100 mb. With a computa­
t io n a l  g rid  spac ing  o f 125 km h o r iz o n ta l ly  and 50 mb v e r t i c a l l y ,  wave­
le n g th s  o f le s s  than  seven h o r iz o n ta l  g rid  u n i ts  and two v e r t i c a l  g r id  
u n i ts  should be su p p ressed .
A f i l t e r  based on S a s a k i 's  v a r ia t io n a l  o p tim iz a tio n  a n a ly s is  
techn ique  (S asak i, 1970a, 1970b, 1971a; Wagner, 1971) i s  used because 
the  f i l t e r  c h a r a c te r i s t i c s  may be s p e c if ie d  in d iv id u a lly  in  th e  h o r i ­
z o n ta l and v e r t i c a l  and a p p lie d  s im u ltan eo u sly . The v a r ia t io n a l  fo rm al­
ism i s
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"ay ' "  "ax '
+ ( ^ ) ^ 3  +  « p [ # ) ^  + «ï* dy (1)
where J  i s  th e  fu n c tio n a l;  a, a^ , and a re  the  s p e c if ie d  weak con­
s t r a i n t  w eights a p p lie d  to  the  o b se rv a tio n a l terms and to  th e  f i r s t  
d e r iv a t iv e  f i l t e r  term s h o r iz o n ta l ly  and v e r t i c a l l y .
The E uler-L agrange eq u atio n s  d e riv ed  from eq u a tio n  (1) a re :
a (u -u ) - oiA ) -  Of = 0 (2a)
^ ôx^ dy^ ^ ap^
a (v -v ) - « - (  ) - <^ _ “  0 (2b)
^ ax^ ay^ P ap'^
These p a r t i a l  d i f f e r e n t i a l  eq u atio n s  a re  e l l i p t i c  and a re  so lved  in  
f i n i t e  d if f e re n c e  form by re la x a t io n  tech n iq u es . The use o f v a r ia t io n a l  
o p tim iz a tio n  a n a ly s is  in  f i l t e r i n g  and the  d e r iv a t io n  o f  th e  E u le r-  
Lagrange e q u a tio n s , th e  s o lu t io n  tech n iq u e , and th e  f i l t e r  response 
c h a r a c te r i s t i c s  a re  co n ta in ed  in  Appendix B.
Because sharp  g ra d ie n ts  on th e  boundary w i l l  in tro d u ce  e r r o r  
in to  the i n t e r i o r  g r id s  w ith  r e la x a t io n  te ch n iq u es , w ith  a r e s u l ta n t  
d ecreased  convergence r a t e ,  th e  s ix  boundary faces o f th e  th re e -  
d im ensional g r id s  were f i l t e r e d  b e fo re  the  f i l t e r i n g  pass on the  i n t e ­
r i o r .  The boundary face  f i l t e r i n g  was accom plished w ith  a tw o-dim ensional 
v a r ia t io n a l  f i l t e r  w ith  weak c o n s tr a in t  w eigh ting  c o n s is te n t  w ith  th e  
w e ig h tin g  used in  th e  i n t e r i o r .
The amount o f  change in  th e  f ie ld s  over th e  15 x 14 x  18 g r id  
used , expressed  as  ro o t  mean sq uare  e r r o r  (RMSE), fo r  the  two in v e s t i ­
g a tio n s  i s  co n ta in ed  in  Table 1 . As shown, the  f i l t e r i n g  produced an
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average  change o f le s s  than f iv e  p e rc en t o ver the  g r id  netw ork; the  
maximum changes occurred  in  th e  v i c in i t y  o f  sharp g ra d ie n t changes in  
the  d a ta .
DATA FIELD
DATE 
11/12Z JUN 73
26/12Z MAY 73
u(m sec ) 
.4215
.4629
f  -1.v (m sec  ) 
.3793
.5633
6 (deg]Q
.4046
.3976
w(gm3 kg~S  
.0994
.1825
TABLE 1 . Root mean square e r r o r  ( i n t e r i o r  p o in ts  only) fo r  th e  th re e  
d im ensional v a r ia t io n a l  f i l t e r i n g  ad ju stm en t o f  the  two in v e s t ig a t io n  
case  s tu d ie s .  Hie tem perature  i s  exp ressed  as p o te n t ia l  tem p era tu re , 
6 , and th e  m o is tu re  i s  expressed  as  m ixing r a t i o ,  w.
CHAPTER IV 
VERTICAL MOTION COMPUTATION
The v a r ia t io n a l  approach w i l l  be a lso  used to  c a lc u la te  th e
v e r t i c a l  motion and to  a d ju s t  th e  e n t i r e  wind f i e ld  so th a t  th e  equa­
t io n  o f mass c o n tin u ity , n e ce ssa ry  fo r  ad v ec tio n  c a lc u la t io n s ,  is  
s a t i s f i e d .  The v a r ia t io n a l  method i s  un iquely  ab le  to  combine the 
dynamic c o n s tr a in t  o f mass c o n tin u ity  w ith  the  o b se rv a tio n a l c o n s tr a in t  
to  a d ju s t  the  wind f i e ld  such th a t  co n se rv a tio n  o f  ad v ec tio n  q u a n t i t ie s  
i s  a ssu re d . This method has been used w ith  success by O 'B rien  (1970) 
and McGinley (1973), both based on S a s a k i 's  v a r ia t io n a l  o p tim iz a tio n  
approach . The v a r ia t io n a l  form alism  i s ,  in  non-dim ensional form ,
6J=0 = 6  J J , [% (u -u )^  + (v -v )^ ]  + X ( ~  + ^  4- | “ )}dp dy dx (3)
The r e s u l t in g  E uler-Lagrange e q u a tio n s , derived  by c a r ry in g  o u t the  
in d ie  ted  v a r ia t io n s  in  d is c r e te  form and a llow ing  the  f i r s t  v a r ia t io n  
to  be a r b i t r a r y  in  the  i n t e r i o r ,  a re
2^  ^ (u -u) - 1“  = 0 (4a)
2a (v-v) -  ^  = 0 (4b)
- = 0  (4c)
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E quations (4a) and (4b) re a rran g ed  show th a t  the  analyzed  f ie ld s  u and 
V a re  d e riv ed  by a d ju s t in g  th e  assigned  f ie ld s  by th e  g ra d ie n ts  o f  the  
Lagrange m u l t ip l i e r ,  X. As a  consequence o f  e q u a tio n  (4 c ) , X i s  in d e ­
pendent o f p re s s u re .
The Lagrange m u l t ip l ie r  f i e ld  may be determ ined  by th e  e lim in a ­
t io n  o f  u and v from eq u a tio n  (4d) by s u b s t i tu io n  o f e q u a tio n  (4a)
o p e ra ted  on by and e q u a tio n  (4b) o p e ra ted  on by to  produce ox @y
This e q u a tio n  may be in te g ra te d  over p re s su re  to  e lim in a te  th e  term  
c o n ta in in g  <u, s in c e  th e  v a lu e s  o f u) may be a ss ig n e d  a t  th e  boundaries 
o f  th e  a tm osphere . P h y s ic a l ly ,  th e  v e r t i c a l  m otion a t  th e  top o f the  
atm osphere i s  z e ro ; a  t e r r a in  induced v e r t i c a l  m otion may be added a t  
th e  base (McGinley, 1973). The Lagrange m u l t ip l i e r ,  X, i s  independent 
o f  p re s s u re , and th e  d iv e rg en ce  o f  th e  observed wind component i s  
known, so X i s  c a lc u la te d  from
P 2 .2^ I» o
where P^ = sc a le d  p re s su re  a t  b ase  o f  model. T h is  e q u a tio n  i s  an  e l l i p ­
t i c  p a r t i a l  d i f f e r e n t i a l  eq u a tio n  which can be so lv ed  fo r  X by th e  r e ­
la x a t io n  tech n iq u e  d e sc rib e d  in  Appendix B. In  d i s c r e te  form, eq u a tio n s  
(5) and (6 ) a re
2 « ( 7 j^u + 7  v ) + 7^X + 7y \  + 7  OJ » 0 (7)
P
^0 . 2 , .  2
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In  a p h y s ic a l sen se , the  c u rv a tu re  o f  the  Lagrange m u l t ip l ie r
f i e ld  i s  p ro p o r tio n a l to  the  d e v ia t io n , o r  e r r o r ,  from mass c o n tin u ity
o f the  a ss ig n ed  wind f i e ld s .  The r e s u l t in g  g ra d ie n t o f  \  i s  th en  used
to  a d ju s t  th e  a ss ig n ed  f ie ld s  o f u and v to  o b ta in  th e  analyzed  f ie ld s
as shown by re a rra n g in g  eq u atio n s  (4a) and (4b) to  produce
u = u +  —  7  X (9a)
2 a  *
V = V + —  7  X (9b)
2 a  y
These analyzed  u and v  f i e ld s  may then  be used to  o b ta in  the
analyzed  v e r t i c a l  m otion f i e ld  by summation over p re s su re  o f eq u a tio n
(4 d ) . The v e r t i c a l  m otion, uj, a t  a s p e c if ie d  le v e l ,  p , i s  o b ta in ed  
through a p p l ic a t io n  o f  the  tra p e z o id a l r u le  to  produce
“p °  V i p  *  f  [ ' v  + y ) p  +  < v  *  v V i p ^  (9 c)
S ev e ra l in te r e s t in g  r e s u l t s  a re  o b ta in ed  i f  mass c o n tin u ity  
i s  t r e a te d  as  a weak c o n s t r a in t  r a th e r  th an  a s tro n g  c o n s t r a in t .  Al­
though mass c o n tin u ity  must s t i l l  be s a t i s f i e d  in  f lu x  c a lc u la t io n s ,  
th e  co n v ersio n  from continuous to  d i s c r e te  form, th e  use o f  a  v e r t i c a l  
g r id  a x is  n o t n e c e s s a r i ly  p a r a l l e l  to  the  p re s su re  a x is  (o f  s i g n i f i ­
cance w ith  s lo p in g  p re ssu re  p a t te r n s ) ,  and the  no n -ex ac t n a tu re  o f  the  
boundary c o n d itio n s  fo r  omega w i l l  se rv e  to  in tro d u ce  d e v ia tio n s  from 
the  c a lc u la te d  mass c o n t in u i ty . Thus, th e  form alism  in  d i s c r e te  form 
i s
ÔJ = 0 = Z Z a (u -u )^  +  a (v -v )^  + P(7 ^u + 7  v + 7  m)^ (10)
xy p
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The E uler-Lagrange eq u a tio n s  a re
3?(u-u) -  u +  9  V + 7  cu) = 0  (1 1 a)
X X  y  K
a (v -v )  -  PVyCVjjU + 7 yV + 9p(u) = 0  (1 1 b)
V  °  (1 1 c)
From equation  (1 1 c ), th e  d e v ia t io n  from zero  o f  m a ss -c o n tin u ity  i s  n o t
a fu n c tio n  o f  th e  p re s s u re .
I f  eq u atio n  (11a) i s  o p e ra ted  on by and eq u a tio n  ( l i b )  is  
o p e ra ted  on by and th en  s u b tra c te d  from equa t io n  (1 1 a ) , the  fo llow ing  
r e s u l t  i s  o b ta ined
o r ,  rea rran g ed
yy(u-u) - y ^ (v -v ) = 0
VjjV - 7yU = 7^v -  y^u (12)
o r (th e  same r e s u l t  i s  r e a d i ly  o b ta in ed  from eq u a tio n s  (9a) and (9 b )) ,
C =» C (13)
Thus, th e  r e l a t i v e  v o r t i c i t y ,  Q, o f th e  analyzed  f i e ld  i s  id e n t i ­
c a l  to  the  r e l a t iv e  v o r t i c i t y  o f  the  i n i t i a l  f i e l d ,  Ç, which im plies th a t  
c o rre c t io n s  made to  th e  i n i t i a l  wind f ie ld s  a re  a p p lie d  only  to  the  
d iv e rg e n t component; the  r o ta t io n a l  component rem ains unchanged. This 
was v e r i f i e d  in  bo th  case  study  in v e s t ig a t io n s .  W ith th e  500 mb r e l a ­
t iv e  v o r t i c i t y  v a lu es  sca le d  by m u ltip ly in g  by 1 0 ^ , th e  ro o t mean square  
e r ro r s  were o f  the  o rd e r 10 P r in to u ts  o f  th e  r e l a t i v e  v o r t i c i t y  
f i e ld s  b e fo re  ad ju stm en t and a f t e r  ad justm en t a t  te n  le v e ls  fo r  bo th  
case  study in v e s t ig a t io n s  confirm ed th i s .  This v e ry  d e s ir a b le  fe a tu re  
i s  o rd in a r i ly  assumed as a consequence o f  the  o r th o g o n a lity  o f  the  r o ta ­
t io n a l  and d iv e rg e n t components o f  the  wind f i e ld s  (O 'B rien , 1970 and
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Fankhauser, 1974).
S o lu tio n  o f  equations ( l l a - l l c )  i s  f a c i l i t a t e d  by d e fin in g  a
v a r ia b le
$ = + 7yV + VpU) (14)
and re w r it in g  the  equations a s
a (u -u ) - P 7^$ = 0 (15a)
a (v -v ) - P 7y$ = 0  (15b)
7p$ = 0 (15c)
The v a r ia b le s  u and v  can be e lim in a te d  from eq u ation  (14) by
s u b s t i tu t in g  eq u a tio n  (I5a) o p e ra ted  on by 7^ and eq u ation  (15b) o p era ted  
on by 7y to  produce
$ = 7x“  VyV + ^  (7^§ +  7y$) +  7p“> (16)
The omega term i s  e lim in a te d  as an unknown by summing eq u ation  
(16) o ver p re s su re . S ince $ i s  n o t a fu n c tio n  o f p re s su re , the  a n a ly s is  
eq u a tio n
(v j $ + 7 y $) - Pg$ = Z (7^1 + 7  v) (17)
a  P
i s  an e l l i p t i c  p a r t i a l  d i f f e r e n t i a l  eq u a tio n , v e ry  s im ila r  to  eq u a tio n  
(8 ) ( e s p e c ia l ly  fo r  very  la rg e  v a lu e s  o f  A), which i s  solved by re la x ­
a t io n  techn iques ( i n i t i a l  $ i s  z e r o ) . The r e s u l t in g  f ie ld  o f  $ i s  
then used to  a d ju s t  the u and V f ie ld s  in  eq u atio n s  (15a) and (15b),
The v e r t i c a l  m otion f ie ld  i s  d e riv ed  from e q u a tio n  (14 ).
When mass c o n tin u ity  i s  a s tro n g  c o n s tr a in t ,  the  ad justm en t ox 
the u and v f ie ld s  must be accom plished through se v e ra l i t e r a t io n s  
through the  ad justm en t p rocess  due to  the  non-exact n a tu re  o f  th e  c e n te r
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space f i n i t e  d if f e re n c e  approxim ations to  the  f i r s t  d e r iv a t iv e s  used 
to  e v a lu a te  the  d ivergence  and th e  g ra d ie n ts  o f  X.. For bo th  case study  
in v e s t ig a t io n s ,  convergence o f  th e  a d ju s ted  u and v f i e ld s  to  the  con­
t in u i ty  s a t i s f i e d  u and v f ie ld s  was ra p id ; ten  i t e r a t i o n s  were used .
CHA.PTER V
VARIATIONAL OPTIMIZATION ADVECTION ANALYSIS
The a n a ly s is  o f  tem peratu re  and m o is tu re  ad v ec tio n  in  th u n d er­
storm  environm ents can be accom plished w ith  th e  ad vec tion  e q u a tio n s , 
assum ing dry  a d ia b a tic  p ro c e sse s . These eq u a tio n s  a re
The tem peratu re  i s  exp ressed  as  p o te n t ia l  tem pera tu re , 0, through 
P o is s o n 's eq u atio n  (H ess, 1959)
e = T ( 1 0 0 0 /p ) ^ ^ ^  (19)
where R^/Cp, the  r a t i o  o f th e  gas c o n s ta n t fo r  d ry  a i r  to  th e  s p e c i f ic  
h e a t  o f  a i r  a t  c o n s ta n t p re s s u re , i s  eq u a l to  2 /7  and p i s  th e  p re s su re . 
The m o istu re  i s  ex p ressed  as m ixing r a t i o ,  w, througji the  co n v ersio n  o f 
dew p o in t tem p era tu re , % , to  vapor p re s s u re , e , th r o u ^  T etens e m p iri­
c a l  form ula (S au c ie r, 1955)
e = 6.108 exp {17.27 T j /  (237.3 + T ^)} (20a)
and the conversion  o f  vapor p re s su re  to  m ixing r a t i o  by
w .  (2 0 b)
where p i s  th e  p re s su re  le v e l ,  e i s  th e  vapor p re ssu re  in  m i l l ib a r s  and
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w i s  th e  mixing r a t i o  in  grams w ater vapor p e r  k ilog ram  dry  a i r .
These ad v ec tio n  eq u a tio n s  a re  o f te n  a p p lie d  d ia g n o s t ic a l ly  to  
de term ine  ad v ec tio n  f i e l d s ,  such as h o r iz o n ta l  tem peratu re  ad v ec tio n  
fo r  v e r t i c a l  motion a n a ly s is .  Since th ese  eq u a tio n s  c o n ta in  a tim e 
d e r iv a t iv e ,  they  a re  a ls o  used in  p ro g n o s tic  form; th e  lo c a l  time 
change i s  ev a lu a ted  a t  each g r id  p o in t and added to  the  i n i t i a l  v a lu e  
to  produce a fo r e c a s t .  A m ajor problem w ith  th e  use o f  the  ad v ec tio n  
eq u a tio n  in  p ro g n o s tic  form i s  th a t  d is c o n t in u i t ie s  appear in  the  fo re ­
c a s t  f i e l d ,  even when th e  wind f i e ld  s a t i s f i e s  mass c o n tin u ity . V a r i­
a b le  p ropagation  sp eed s , i . e . ,  th e  wind components, w i l l  in c re a se  the 
amount o f  d is c o n t in u i ty  p re s e n t .
Com putational i n s t a b i l i t y  i s  a n o th e r  m ajor problem  w ith  th e  use 
o f  th e  ad v ec tio n  eq u a tio n s  as p ro g n o s tic  e q u a tio n s . When an ad v ec tio n  
eq u a tio n  i s  expressed  in  c e n te r  tim e, c e n te r  space f i n i t e  d if f e re n c e  
approx im ation  form in  th e  x - t  p la n e , th e  com puta tional form i s
where $ i s  the  f i e ld  to  be ad v ec ted . At i s  the  tim e in te r v a l .  Ax i s  the
g r id  d is ta n c e , and u i s  th e  p ro p ag a tio n  speed . As d iscu ssed  in  H a lt in e r
(1971), th i s  form i s  co m p u ta tio n a lly  s ta b le  fo r  v a lu e s  o f  u At/Ax le s s  
th an  one. When u i s  a  v a r ia b le  p ro p ag a tio n  speed , the  s t a b i l i t y  c r i t e ­
r io n  must be s a t i s f i e l d  fo r  th e  maximum speeds in  th e  g r id .  With y  and
p g r id  dim ension added, the  s t a b i l i t y  c r i t e r i o n  v a lu e  o f  one f o r  th e
c o e f f ic ie n ts  d e c re a se s .
S ta b i l i t y  can be d e fin ed  in  term s o f  the  a m p lif ic a tio n  tendency 
in  fu tu re  time s te p s  o f  a c u r re n t  tim e s te p  e r r o r  term , in tro d u ced
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through  roundoff o r t ru n c a tio n  e r r o r  o r  from e r ro r  in  the  d a ta  f i e ld .  
The num erical scheme i s  s ta b le  i f  th e  am plitude o f  the  e r r o r  remains 
th e  same o r  d e c rea se s ; i n s t a b i l i t y  a r i s e s  when the  am plitude in c re a s e s . 
In  two d im ensions, the  new v a r ia b le  v a lu e  a t  a tim e s te p  co n ta in s  
e r r o r  from on ly  two d im ensions, b u t w ith  th re e  o r  fo u r d im ensions, th e  
e r r o r  terms which may have been o r ig in a l ly  o rthogonal accum ulate a t  
th e  new time s te p  v a lu e  o f  th e  v a r ia b le .  Thus the  s t a b i l i t y  c r i t e r io n  
v a lu e  d e c re a se s . For an e x c e l le n t  g ra p h ic a l p re s e n ta t io n  o f  the  p ropa­
g a tio n  o f  e r r o r  as a fu n c tio n  o f the  c o e f f ic ie n t  v a lu e s , see  K e tte r  
and Prawel (1969).
Another form o f i n s t a b i l i t y ,  the com putational mode, i s  a 
r e s u l t  o f  the  use o f c e n te r  tim e f i n i t e  d if fe re n c e  approxim ation  in  
th e  num erical scheme. A f te r  the  f i r s t  tim e s te p , norm ally  accom plished 
w ith  a forward tim e s te p  (which i s  always u n s ta b le ) ,  the  v a lu e  o f a 
v a r ia b le ,  $, a t  the  n th  tim e s te p ,  i s  based on ad v ec tiv e  changes 
to  Thus, the  v a lu e s  o f  § a t  a l t e r n a t e  tim e s te p s  may d iv e rg e .
Magata and N ishida (1971) found th a t  th i s  n o n - lin e a r  i n s t a b i l i t y  could 
produce the  com plete d e s tr u c t io n  o f  the  a d v ec tiv e  fo re c a s t  scheme, bu t 
cou ld  be c o n tro lle d  w ith  the  r e s t a r t  tech n iq u e . They found in  a sim ple 
a d v e c tiv e  num erical experim ent th a t  the  in tro d u c tio n  o f  a forward time 
s te p ,  th e  r e s t a r t ,  a t  s p e c if ie d  tim e in te r v a ls  in  the  fo r e c a s t  scheme
would c o n tro l  th i s  i n s t a b i l i t y .
A f in a l  problem w ith  the  use o f  the  ad v ec tio n  eq u a tio n  as  a
fo r e c a s t  i s  th a t  new o b se rv a tio n a l d a ta  cannot be in c o rp o ra te d  in to
the  g r id  w ith o u t producing  sharp  g ra d ie n ts  which then  dom inate the  ad­
v e c t iv e  scheme. The a d v ec tiv e  fo re c a s t  scheme i s  lim ite d  to  sy n o p tic
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d a ta  f i e ld s ;  d a ta  a v a ila b le  from remote sen s in g  a t  l a t e r  tim es b u t 
b e fo re  th e  n ex t sy n o p tic  o b se rv a tio n  time cannot be  in c o rp o ra te d .
The problems o f d is c o n t in u i t ie s  in  the  ad v ec tio n  f ie ld s  and 
the i n a b i l i t y  to  update the  o b se rv a tio n a l d a ta  lead  to  the  fo rm ula tion  
o f th e  tem peratu re  and m oistu re  ad v ec tio n  in  storm  environm ents in  
v a r ia t io n a l  o p tim iz a tio n  a n a ly s is  form.
For a p u re ly  ad v ec tiv e  model, the  fu n c tio n a l i s  e s ta b lis h e d
as
J = JJJJ {@(0-8)^ + a(w-w)^ + + a j^ (||)^ }d td p d y d x  (22)
The term s re p re se n t the  o b se rv a tio n a l c o n s tr a in ts  and the  ad v ec tio n  con­
s t r a i n t s  fo r  p o te n t ia l  tem peratu re  and m ixing r a t i o .  In  th is  form, 
both  0 and 0 a re  fu n c tio n s  o f  tim e, so new d a ta  can be in co rp o ra ted  
in to  th e  ad v ec tiv e  p rocess a t  any time by a d ju s t in g  the  a p p ro p ria te  
'0 term s.
The p ro p ag a tio n  speeds o f the  ad v ec tio n  eq u a tio n s  a re  the  con­
t in u i ty  s a t i s f i e d  wind components to  in su re  th a t  th e re  a re  no ad v ec tio n  
s in k s  o r  sources w ith in  th e  f i e ld .  Through th i s  requirem ent fo r  mass 
c o n tin u ity , the  wind component f ie ld s  w i l l  n o t v a ry  w ith  tim e a t  the  
g r id  p o in ts  ( th i s  can be e s ta b lis h e d  in  a fu n c tio n a l w ith  o b se rv a tio n a l 
c o n s t r a in ts  on the  wind components and w ith  th e  lo c a l  tim e change 
inc luded  as  e i th e r  a weak o r  s tro n g  c o n s t r a in t ) .  The wind components 
remain v a r ia b le  w ith  re sp e c t to  the  s p a t i a l  d e r iv a t iv e s  and thus take 
p a r t  in  th e  v a r ia t io n s  w ith  in te r e s t in g  consequences.
For s im p lic i ty ,  c o n s id e r a fu n c tio n a l s im ila r  to  eq u a tio n  (22) 
bu t f o r  0  in  the  x - t  dim ensions on ly .
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J = JJ {aO -e)^  + d t dx (23)
5J = 0 = 5 JJG (0-6)^  + ® i< |f  +  " dx (24)
0 = JJ{2a(e-e')60 + 2*i(aE  + " &E) dx (25)
= JJ{2a ( e - e )60  + 2a'^[60(- ^  ^ ) ) 3
+ 2*1 ) dt dx (26)
The Euler-Lagrange e q u a tio n  from the  v a r ia t io n  o f  u is
: « i  I !  3# = 0 (27)
Since ^  i s  non-zero, then d0/d t i s  e x a c tly  zero , which i s  analogous to  
the use o f  the advection  equation as a strong co n stra in t; the lo c a l  
time change o f 0 i s  determined s o le ly  by advective changes.
The d e r iv a t io n  o f  the  E uler-L agrange eq uations from eq u atio n  
(2 2 ) w r i t te n  fo r  0  i s
6J = 0 = 6 JJJJ{a(0-'S)^ + dC dP dy dx (28)
= JJJJ[2a(0-0)60 + 2«i ^  ( ^  + 6u I I  + u
+ 6v ^  + V + 6uj ^  + u) 3 d t dp dy dx (29)dy dy dp dP
= JJJJ[66G(0-0) - “i d? ■ è  d?a t  d t  ÔX
d?> '  d?>3 + « * * 1  d#
+ 6v@  ^ H  I I  + | ~  1“  } d t  dp dy dx (30)
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The E uler-Lagrange eq u atio n s  from th e  v a r ia t io n s  o f  u , v , and
(I) a re
Sx d t  dy d t  dp d t  '
and th e  Euler-L agrange eq u atio n  from the v a r i a t io n  o f  Ô i s
3 (6 -? )  - +  + +
Because th e  winds component f ie ld s  s a t i s f y  c o n t in u i ty ,  eq u a tio n  (32) 
s im p l i f ie s  to  the  a n a ly s is  form
A  = f  ( 8 - 8 ) (33)
d t^  “ l
T his form, a p a ra b o lic  type p a r t i a l  d i f f e r e n t i a l  e q u a tio n , i s  
a ls o  used in  ad v ec tio n  c a lc u la t io n s  and i s  s u b je c t  to  the  same problems 
in h e re n t in  the  f i r s t  o rd e r ad v ec tio n  e q u a tio n , b u t com plicated  through 
th e  in tro d u c tio n  o f  the  second o rd e r te rm s.
S ince d 0 /d t = 0 , then 0 i s  equal to  6  fo r  f i e ld s  determ ined 
s o le ly  by a d v ec tio n . However, in  view o f  th e  thermodynamics which 
o ccu r in  the  atm osphere, b u t n o t y e t  in c lu d ed  in  the  m odel, condensa­
t io n  produces a m o is tu re  d ecrea se  and tem pera tu re  in c re a s e . These 
changes cou ld  be in c o rp o ra te d  from d ia g n o s tic  eq u a tio n s  a p p lie d  a t  each 
tim e s te p ;  the  ad justm en ts would be made in  8 and m a t  th a t  tim e s te p .  
The r a t i o  o f th e  weak c o n s t r a in t  w e iÿ its  in  eq u a tio n  (33) would then 
determ ine  the  f i e ld  composed o f  both  a d v e c tiv e  and non -ad v ectiv e  changes.
Two m ajor problems occur w ith  the  use  o f  eq u a tio n  (33) fo r  th e  
ad v ec tio n  a n a ly s is .  The f i r s t  i s  th a t  th e  a d v ec tio n  f i e ld  d is c o n t in u ­
i t i e s  which occur a re  n o t a l t e r e d  in  th e  m odel.
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The o th e r  problem  i s  the  d i f f i c u l t y  o f num erical s o lu t io n  o f 
t h i s  p a ra b o lic  eq u a tio n  w ith  fou r d im ensions. With the  tim e dim ension 
p lu s  any o th e r  s p a t i a l  dim ension, a m arching method, common to  th e  
n u m erica l s o lu t io n  o f  p a ra b o lic  e q u a tio n s , w i l l  g en era te  th re e  unknown 
c o e f f ic ie n ts  a t  each tim e s te p  due to  th e  f i n i t e  d if f e re n c e  a p p ro x i­
m ation  form o f  the  mixed d e r iv a t iv e  term . At each tim e s te p ,  a  square  
tr id ia g o n a l  m a trix  o f  th e se  unknown c o e f f ic ie n ts  i s  g en e ra ted . When 
th e  com puta tional s t a b i l i t y  c r i t e r i a  a re  s a t i s f i e d ,  the  t r id ia g o n a l  
m a tr ix  i s  w e ll-c o n d itio n e d  (dominant d iag o n a l elem ents) and th e  c o e f f i ­
c ie n t s  a re  e a s i ly  determ ined  by Gauss e lim in a tio n  (K e tte r  and P raw el, 
1969). When o th e r  s p a t i a l  dim ensions a r e  added, th e  num erical s o lu t io n  
becomes v e ry  complex.
Both o f  th e se  problem  a re as  can be ad eq u a te ly  re so lv ed  by the  
a d d i t io n  o f  tem poral and s p a t i a l  f i r s t  d e r iv a t iv e  f i l t e r s  to  th e  func­
t io n a l  (S asak i, 1971b) to  produce ( in  9 o n ly  fo r  s im p lic i ty )
J = JJJJ C e(G-8)^  + a^ ( )^  + Gi( |f
+ PgCf + ( I f  ) ^ ]  + @3 ( I f  dp dy dx (34)
The in c lu s io n  o f  th e  f i l t e r  term s e f f e c t iv e ly  su p p resses  the  
d i s c o n t in u i t i e s ,  which a re  h ig h  frequency . The s o lu t io n  f i e l d  o f  9 i s  
b a s ic a l ly  an ad v ec tio n  f i e ld  w ith  the  d is c o n t in u i t ie s  su p p re ssed . As 
a v e ry  e s s e n t ia l  a d d i t io n a l  b e n e f i t ,  th e  in c lu s io n  o f  the  f i l t e r  terms 
changes the  a n a ly s is  eq u a tio n s  from p a ra b o lic  p a r t i a l  d i f f e r e n t i a l  
e q u a tio n s  to  the  more t r a c ta b le  e l l i p t i c  form. The E uler-L agrange 
eq u a tio n  from the v a r i a t io n  o f  0 i s  now
t io n
34
^ d t^  ^ ô t^  ^ ôx^ Ôy ^ dp
E quation  (35) expanded and re a rran g ed  forms the  a n a ly s is  equa-
2 2 2
(ofi+Pi) ^-4 + (a,u^ + Pg) + («1?  ^ + P2) " 2  
dt^  ^ dx"^  dy
+ (*1 * : + P3 ) +  2 * 1  (u I 2 I 1 + 7  +
( # E
= a  (0 -  0) (36)
T h is eq u a tio n  i s  an e l l i p t i c  type p a r t i a l  d i f f e r e n t i a l  e q u a tio n , which
i s  so lved  through re la x a t io n  te ch n iq u es . The type o f e q u a tio n  may be
v e r i f i e d  in  any two dim ensions by exam ining th e  c h a r a c te r i s t i c  q u a d ra tic
2
form ( th e  fa m il ia r  B -4AC < 0 ) .  In  x and t ,
4u^a^ -  4 («^ +  Pj )^ (@2 +  « 2^ "^) < 0
i s  s a t i s f i e d  fo r  any p o s i t iv e  w eigh ts or^ ,^ 0^, and P j. Note th a t  w ith o u t
th e  a d d it io n  o f  the  w eigh ts (th e  f i l t e r  te rm s), eq u a tio n  (36) reduces
to  a p a ra b o lic  type eq u a tio n .
/ 2 2 . 2  2 .4u -  4u cr  ^ =» 0
E quation  (3 5 ), a l in e a r  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  w ith  v a r i ­
a b le  c o e f f ic ie n t s ,  i s  th e  prim ary  a n a ly s is  eq u atio n  fo r  th e  ad v ec tio n  
o f tem p era tu re ; a com parable eq u a tio n  f o r  m oistu re  i s  o b ta in e d  by the
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same d e r iv a tio n  tech n iq u e .
The so lu tio n  o f eq u a tio n  (35) re q u ire s  th a t  th e  "observed'* 
f ie ld s  o f  tem perature  and m ixing r a t io  be e s ta b lis h e d  fo r  a l l  tim e 
s te p s .  As a  r e s u l t  o f  th e  v a r ia t io n a l  o p tim iz a tio n  a n a ly s is ,  which 
determ ines the  b e s t  f i t  o f  a f i e ld  s u b je c t  to  th e  c o n s tr a in ts  imposed, 
the observed d a ta  f i e ld s  must be as a c c u ra te  as p o s s ib le . Accuracy in  
th is  sense  im plies  a c o n s is te n c y  o f  th e  observed f ie ld s  w ith  th e  d iag ­
n o s t ic  and p ro g n o stic  c o n s t r a in t s ,  a lthough  a sim ultaneous c o n sis te n cy  
i s  n o t p o s s ib le  w ith o u t u s in g  a v a r ia t io n a l  model. This in d ic a te s  th a t  
the  observed da ta  f ie ld s  in  time should be determ ined by ad v ec tio n  from 
the i n i t i a l  tim e. The r e s u l t  should be a f a s t e r  convergence (sav in g s  
on computer time) to  more r e a l i s t i c  f in a l  d a ta  f i e ld s .
An in te r e s t in g  c o ro l la ry  to  th i s  p o in t i s  th a t  perhaps the  most 
im p o rtan t a p p lic a t io n  o f  the  v a r ia t io n a l  o p tim iz a tio n  a n a ly s is  method 
i s  to  a d ju s t  observed d a ta  f ie ld s  to  a form c o n s is te n t  w ith  th e  d iag ­
n o s t ic  and p ro g n o stic  eq u a tio n s  o f  the  model. The d a ta  f i e ld s  a re  
a d ju s te d  u sin g  e x p l i c i t l y  a l l  a v a ila b le  in fo rm atio n , which may be s t a ­
t i s t i c a l ,  dynamic, k in e m a tic , thermodynamic, o r  e n e rg e tic  ( s e e , fo r  
exam ple, Lewis and Grayson, 1972).
The observed f i e ld s  a t  the tim e s te p s  were determ ined by th e  
l in e a r  advec tion  eq u a tio n s  in  the form
I n  s c a le d , non-dim ensional form u s in g  c e n te r  time and c e n te r  space 
f i n i t e  d if fe re n c e  app rox im ations, eq u atio n  (37) i s
- \  9 “  ^  (u-7^6 +  V (38)
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where u = u'V* , V* = 10 m sec  ^
V  = v'V*
*3 **Xu) = oj'w* , W* = 10 mb sec
= h o r iz o n ta l  g r id  d is ta n c e , approx im ate ly  1 .25  x 1 0 ^ m
6 p = v e r t i c a l  g r id  d is ta n c e , 50 mb
6 t  = tim e g r id  s c a le ,  600 sec
= ^(*.+1 - *n-l>
In  view o f th e  v a r ia b le  p ro p ag a tio n  sp eed s , th e  scheme was r e ­
s ta r te d  every  two hours (7200 sec) as a p re c a u tio n  to  p rev en t the  h igh  
frequency com putational i n s t a b i l i t y .
CHAPTER VI
RESULTS
With cy c lo g en esis  and fro n to g en e s is  in  the  le e -o f-th e -m o u n ta in  
tro u g h , tem peratu re  and m o istu re  ad v ec tio n  p a t te rn s  from the su rfa c e  
to  the  700 m i l l ib a r  le v e l  a re  pronounced, as shown in  F igu res 1 , 2 , 
and 3 . From the omega e q u a tio n , upward m otion should  be a s s o c ia te d  
w ith  the  low le v e l  tem peratu re  ad v ec tio n  and from M ille r  (1972) , storm  
developm ent should  be a ss o c ia te d  w ith  the  m o ist and dry  a d v ec tio n  p a t ­
te r n s .  He s t a t e s .
In  s i tu a t io n s  p reced in g  s ig n i f ic a n t  tornado 
developm ent, a d i s t i n c t  dry tongue i s  p re se n t 
in  low o r  m iddle l e v e l s ,  and, prov ided  o th e r 
c r i t e r i a  a re  s a t i s f i e d ,  the  prim ary develop­
ment w i l l  occur where the d ry  tongue in tru d e s  
in to  o r over the low er m oist to n g u e .. .
Diry a i r  in tru s io n s  n o t only h e lp  in  d e l in e a tin g  
fu tu re  tornado and sev ere  w eath er a re a s , bu t 
a p p a re n tly  p rov ide  a m ajor c o n tr ib u tio n  to  the 
t r i g g e r  mechanism in  the m a jo r ity  o f  tornado 
s i tu a t io n s .
Ihe 26/1200Z May 1973 case study  shows th a t  the  warm a i r  o f  th e  
therm al rid g e  i s  a ls o  v e ry  d ry ; most dew p o in t  d ep re ss io n s  in  th e  dry 
a i r  were re p o rte d  as the  maximum re p o r ta b le  30 degrees C e ls iu s . S evera l 
f ig u re s  emphasize th ese  fe a tu re s  and th a t  they  a re  o f s u f f i c i e n t  h o r i ­
z o n ta l and v e r t i c a l  e x te n t to  be re so lv a b le  in  th e  ad v ec tio n  a n a ly s is .  
F ig u re  5a shows the p re s su re  and f r o n ta l  p a t te rn s  a t  26/1200Z May 1973
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F igu re  5b, NMC S urface  A n a ly s is , 26/21002 MAY 1973, and 
Radar Summary, 26/20402 MAY 1973, The shaded 
a rea  in d ic a te s  thunderstorm  l in e  a c t i v i t y ;  
c e l l s  w ith  tops over 40,000 f t .  a re  in d ic a te d  
by la rg e  d o ts .
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and F igu re  5b shows the p re s su re  and f r o n ta l  p a tte rn s  a t  26/2100Z w ith  
the  ra d a r  d e te c te d  thunderstorm  coverage a t  26/20402. A t 26/12002, 
th e re  were no ra d a r  echoes in  Oklahoma excep t along  the  extrem e n o r th ­
e rn  b o rd er w ith  K ansas. The p re f ro n ta l  s q u a ll  l in e  d e p ic te d  in  F igure  
5b o r ig in a te d  in  n o rth  c e n tr a l  Oklahoma and developed southw ard. The 
ra d a r  echo coverage inc luded  fo r  re fe re n ce  in  succeeding f ig u re s  i s  
the 26/21402 thundersto rm  a c t i v i t y .
As shown in  F igure  3 , th e  warm, dry  a i r  l i e s  o v e r c o o le r , 
m o ist a i r  w ith  a  v e ry  sharp  in v e rs io n  su rfa ce  a t  the  boundary. F igure  
6  shows th a t  th i s  in v e rs io n  i s  h o r iz o n ta l  over s e v e ra l hundred k i l o ­
m eters e x te n t ;  the  lo c a t io n  where th i s  sharp  m o istu re  d is c o n t in u i ty  
in te r s e c t s  the h ig h e r  t e r r a in  o f  West Texas i s  known as  th e  d ry  l in e ,  
dry  f r o n t ,  o r  M arfa f ro n t  (from Marfa in  southw est T exas). The d ry  
l in e  lo c a t io n  a t  26/12002 was between Midland TX and A bilene  TX; th e  
Midland dew p o in t tem perature  was -5 deg C (23 deg F) and th e  A bilene 
dew p o in t was 21 deg C (70 deg F ) . The tem perature  and dew p o in t p ro ­
f i l e  f o r  th ese  two s ta t io n s  i s  shown in  F igu re  7; the  m o is t la y e r  a t  
A bilene i s  shallow . The h igh  dew p o in t tem peratu re  a t  A bilene i s  p a r t  
o f  th e  su rfa c e  la y e r  m o istu re  r id g e , which i s  shown in  F ig u re  8 .
The a d v ec tio n  a n a ly s is  g r id  was a 11 by 10 by 18; th e  g r id  
spacing  was n ear 125 km h o r iz o n ta l ly  and 50 mb v e r t i c a l l y .  Twelve 
time s te p s  were used in  the  fo u r d im ensional ad v ec tio n  a n a ly s is ;  the  
tim e in te r v a l  was 20 m inu tes. The a c tu a l  wind speeds w ere used as the 
a d v ec tiv e  p ro p ag a tio n  speed s . The h o r iz o n ta l  g r id  netw ork i s  shown in  
F igu re  9 .
The c o n tin u ity  s a t i s f i e d  v e r t i c a l  m otion f i e ld  a t  26/122
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F ig u re  7 . Temperature and dew p o in t tem peratu re
p ro f i le s  fo r  A bilene TX (ABI) and Midland 
TX (MAF), 26/1200Z May 1973. The su rfa ce  
dew p o in t a t  Midland i s  -5  deg C (23 deg F) 
and a t  A bilene i s  21 deg C (70 deg F ) ,
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F ig u r e d .  The dew p o in t tem peratu re  a t  26/1200Z 
May 1973. The sharp g ra d ie n t in  
w e ste rn  Texas re p re se n ts  th e  d ry  l in e .
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F ig u re  9 . The 11 x 10 h o r iz o n ta l  g r id  e s ta b lis h e d  fo r  
th e  ad v ec tio n  a n a ly s is .  The v e r t i c a l  g r id  
has 18 le v e ls  a t  50 mb in te r v a l s ;  the  h o r i ­
zo n ta l g r id  spac ing  i s  n ea r 125 km. S ec tio n  
A-A' i s  th e  c ro ss  s e c tio n  used in  the  26/1200Z 
MAY 1973 a n a ly s is .
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co n ta in ed  se v e ra l fe a tu re s  o f  i n t e r e s t .  The omega f ie ld s  a t  the  900, 
800, 700, 600, and 500 m i l l ib a r  le v e ls  a re  in  F igu re  10. The a x is  o f 
maximum upward v e r t i c a l  m otions (n eg a tiv e  (u) co in c id es  w ith  the  a rea  
o f  maximum tem peratu re  a d v ec tio n  ap p aren t in  F igu re  lb  and 2c . This 
a x is  a lso  bears  a s tro n g  s im i la r i ty  to  the  s q u a ll  l in e  lo c a t io n .  A 
secondary a x is  o f upward v e r t i c a l  motion i s  p a r a l l e l  to  th e  f r o n ta l  
thunderstorm  developm ent. This i s  most e v id en t a t  the  700 m il l ib a r  
le v e l .  At the  500 m i l l ib a r  le v e l ,  an a re a  o f  downward v e r t i c a l  m otion 
appears through c e n tr a l  Oklahoma. Downward m otion behind  a s q u a ll  l in e  
has been proposed as a com pensatory m otion which t r a n s f e r s  the  h ig h e r 
wind speeds to  low er le v e ls  (M ille r , 1972); th e  appearance o f  th is  
downward m otion may be p u re ly  c o in c id e n ta l ,  a lthough  i t  does occur in  
these  d a ta  b e fo re  s q u a ll  l in e  i n i t i a t i o n .
The v e r t i c a l  m otion in  the  c ro s s - s e c t io n  along  l in e  A-A' (see  
F igure  9) p e rp e n d icu la r  to  th e  s q u a ll  l in e  a x is  shows th a t  the  downward 
v e r t i c a l  m otion a t  the  500 m il l ib a r  le v e l i s  p a r t  o f  an o rgan ized  c i r c u ­
la t io n ,  i l l u s t r a t e d  in  F ig u re  11. The n a tu re  o f  th is  p o te n t ia l ly  v e ry  
s ig n i f ic a n t  c i r c u la t io n  p a t te r n  w i l l  have to  be v e r i f i e d  in  o th e r  case  
s tu d ie s ;  perhaps th e  downward motion i s  a  com pensating m otion fo r  th e  
upward motion a s s o c ia te d  w ith  the  warm a i r  ad v ec tio n  a t  low er le v e l s .  
This would produce warming and d ry ing  w ith  th e  su b s id in g  a i r ,  which 
could then  enhance th e  warm, d ry  in t r u s io n .
The e x is t in g  tem pera tu re  and m o is tu re  a d v ec tio n  f ie ld s  were c a l ­
cu la ted  a t  26/1200Z from the  ad v ec tio n  eq u a tio n s
) (39a)
) (39b)
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600 mb IS X 10 m b/see , 26/121 M\Y 73500 mb u  X 10 m b/see , 26/12Z KIT 73
, THUNDERSTOHM ACTIVITE, 26/2140Z KAY 73 
I 1------ 1------ 1
700 mb u  X 10 m b /iec . iifUZ NAT 73
V \
 1 I L _ _ l  1---------------------------
900 mb IS X 10^ m b /see , 26/12Z HAY 73
°  ■ I n I - . 1  L J  ! . - ■  r -  I ' I
800 mb IS X 10"  ^ m b /scc , 26/122 MAT 73
F igu re  10. V e r t ic a l  m otion, w x  10 m b/sec, a t  26/1200Z 
May 1973. The ra d a r  summary a t  26/2140Z May 
1973 i s  in c lu d ed  fo r  re fe re n c e .
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F ig u re  11 , V e r t ic a l  m otion , uj x  10 mb/s e c , a long  
the  c ro ss  s e c tio n  A-A ', The downward 
m otion a re a s  (p o s i t iv e  w) a re  in d ic a te d  
by th e  symbol + ,
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These ad v ec tiv e  f i e ld s .  F ig u re  12 and 13, show th a t  th e  maximum tem pera­
tu re  ad v ec tio n  i s  p o s i t iv e ly  c o r re la te d  w ith  the  maximum d ry in g . The 
axes o f the  maximum dry ing  and maximum warming a re  both  p a r a l l e l  to  the  
s q u a ll  l i n e ,  as a n t ic ip a te d  by a p p l ic a t io n  o f  M i l le r 's  (1972) e m p iric a l 
r u le s .  F igure  13 a lso  i l l u s t r a t e s  the  low le v e l m oistu re  in c re a s e  a t  
the  900 m il l ib a r  le v e l beneath  th e  d ry in g  a sso c ia te d  w ith  th e  warm, d ry  
in t r u s io n .  This p a t te rn  i s  more pronounced in  c ro s s -s e c t io n  in  F igu re  
14, which in c lu d es  the 950 m i l l ib a r  le v e l  ad v ec tiv e  f i e l d s .  The m ois­
tu re  in c re a se  a t  low le v e l  on the  l e f t  hand s id e  o f  th e  s e c t io n  i s  
a s so c ia te d  w ith  the m o is tu re  ad v ec tio n  from the m oistu re  r id g e  d ep ic ted  
in  F igu re  8 . The low le v e l  tem peratu re  ad v ec tio n  f ie ld s  a re  weak b e ­
n ea th  the  warm in t r u s io n ,  as shown in  c ro ss  se c tio n  in  F ig u re  15.
The ad v ec tiv e  f i e ld s  computed from the fo re c a s t  p o te n t ia l  tem pera­
tu re  and m ixing r a t i o  f i e ld s  show th e  con tinued  developm ent o f  the  p a t ­
te rn s  M ille r  c i t e s  as n ece ssa ry  fo r  sev e re  storm  developm ent, as shown 
in  F igures 16, 17, 18, and 19. The ad v ec tiv e  p a t te rn s  r e f l e c t  m o istu re  
ad v ec tio n  below the warm, d ry  in t r u s io n ,  which is  being  advec ted  e a s t ­
w ard. This i s  c o in c id en t w ith  con tinued  weak m oist a d v ec tio n  above the  
dry  in t r u s io n ,  n o t shown in  th ese  f ig u re s  b u t ev id en t from F ig u re  3 .
This p a t te r n  i s  c i te d  by M ille r  as a  p o s s ib le  t r ig g e r  mechanism fo r  the  
s q u a ll  l in e  i n i t i a t i o n ,  as shown in  F igu ré  20. The tem pera tu re  advec­
tio n  p a t te rn  shows th e  s tre n g th e n in g  o f  the  m id -lev e l co o lin g  behind 
the  in tr u s io n  and con tinued  warm a d v ec tio n  w ith  the in t r u s io n .
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700 8 9 /d t  X 10^ d e g K / t e e ,  26/12Z
cm ,
• tort c w u  M , n.
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TU X  /
immUERSTORM A C T I V m ,  26/2W 0Z MAT 73
9 0 0  a o / a t  X  1 0 ^  d e g K / i e c ,  26/12Z
■ + i
750 a o /ô t  X  10^ d e g K /s e c .  25/122
8 0 0  a e / ô t  X  1 0  d e g K / i e c ,  26/12Z
41 4 ) 44
850 ae/at'X lO^ d e g X / t e c ,  26/12Z
F igu re  12 , The lo c a l  change o f  p o te n t ia l  tem p era tu re ,
a e /a c  % lO^ deg K /sec , a t  26/1200Z May 1973.
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THUNDERSTORM ACTIVITY, 26/21402 MAY 73
750 aW S t X  10 gm kgn* / s e c ,  26/122
A ."r800 a w /a t X  10 gm kgm / s e c ,  26/122
500 3 w /a t X 10 gm kgm" / s e c ,  26 /122 850 d w /a t x 10 gm kgm" / s e c ,  26/122
F ig u re  13 , The lo c a l  change o f  m ixing r a t i o ,  dw /ôt 
X 10^ gm kgm "^/sec, a t  26/1200Z May 1973.
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F ig u re  14. The lo c a l  change o f  m ixing r a t i o ,  3w /gt
X 10^ gm kgm "l/sec , fo r  the  c ro s s - s e c t io n  
A -A ', 26/12002 May 1973.
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15. The lo c a l  change o f  p o te n t ia l  tem p era tu re ,
3 0 / ô t  X 10'^ deg K /sec , fo r  th e  c ro s s - s e c t io n  
A -A ', 26/12002 May 1973.
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The lo c a l  change o f  p o te n t ia l  tem p era tu re , 
&8/&C X 10^ deg K /sec , a t  th e  a d v ec tiv e  fo re ­
c a s t  tim e 26/15202 May 1973.
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F igure  1 7 . The lo c a l  change o f  m ixing r a t i o ,  ôw /ôt
X 104 gm k g m -l/sec , a t  th e  ad v ec tiv e  
fo re c a s t  tim e 26/1520Z May 1973.
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F igure  18 . The lo c a l  change o f  m ixing r a t i o ,  &w/at x 
10^ gm kgm" / s e c ,  fo r  the  c ro s s - s e c t io n  
A -A ', a t  th e  a d v e c tiv e  fo re c a s t  tim e 26/1320Z 
May 1973,
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F ig u re  19 . Hie lo c a l  change o f  p o te n t ia l  tem p era tu re ,
a e / a t  x lo ^  deg K /sec , f o r  the  c ro s s -s e c tio n  
A -A ', a t  th e  a d v e c tiv e  fo r e c a s t  tim e 26/1520Z 
May 1973.
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F ig u re  20. P o ss ib le  mechanism of s q u a l l  l in e  develop­
ment (from  M il le r ,  1972),
CHAPTER V II 
SUMMARY AND RECOMMENDATIONS
S ev era l fe a tu re s  o f th e  ad v ec tio n  a n a ly s is  w ith  v a r ia t io n a l
o p tim iz a tio n  a n a ly s is  techniques a re  e s p e c ia l ly  notew orthy. The f i r s t
i s  in h e re n t w ith  the  v a r ia t io n a l  tech n iq u e ; the governing eq u a tio n s
and c o n d itio n s  imposed on a model a re  s im u ltaneously  a p p lie d . For
example, the  d a ta  f i l t e r i n g  i s  accom plished s im u ltan eo u sly  in  a l l
*
dim ensions w ith  th e  a b i l i t y  to  sp e c ify  th e  amount o f  s c a le  smoothing 
fo r  each dim ension.
The method o f  d e te rm in a tio n  o f  th e  v e r t i c a l  component o f  m otion 
i s  an o th er m ajor f e a tu re .  The use o f  th e  non-homogeneous, a n is o tro p ic  
ex p o n en tia l w eigh t fu n c tio n  fo r  th e  o b je c t iv e  a n a ly s is  o f  the  d a ta  
f ie ld s  produces p h y s ic a lly  r e a l i s t i c  d ivergence  v a lu es  a t  a l l  p re s su re  
le v e ls .  These d ivergence  v a lu es  a re  then  used in  a v a r ia t io n a l  te c h ­
n ique to  determ ine the  v e r t i c a l  m otion, w ith in  the boundary co n d itio n s  
imposed, c o n s is te n t  w ith  mass c o n t in u i ty .  The v e r t i c a l  m otion f i e l d ,  
c ru c ia l  to  th e  th re e  s p a t i a l  d im ensional a n a ly s is  o f  ad v ec tio n  o f  tem­
p e ra tu re  and m ixing r a t i o ,  can be assumed to  be a c c u ra te  w ith  a h i ^ i  
degree o f  co n fid en ce .
S ev e ra l prom ising a re a s  fo r  con tinued  re se a rc h  c o n s t i tu te  the  
f in a l  m ajor f e a tu re  o f th is  re s e a rc h . Research should  co n tin u e  to  con­
firm  th e  e x is te n c e  o f the  v e r t i c a l  c i r c u la t io n  p a t te r n  id e n t i f i e d  w ith  
th e  26/1200Z May 1973 case s tu d y . This v e r t i c a l  c i r c u la t io n  may produce
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v i t a l  c lu e s  to  the  developm ent and m aintenance o f  th e  severe  thunder­
storm  and i t s  p a re n t s q u a ll  l i n e .
A nother prom ising  a re a  fo r  fu tu re  re sea rch  would be the  ad ap ta ­
t io n  o f  th e  model to  a f in e r  mesh g rid  over a sm alle r g eograph ica l a re a  
in  o rd e r to  s tudy  the  ad v ec tio n  f ie ld s  on the  s c a le  o f  the  thunderstorm  
and i t s  p a re n t sq u a ll  l i n e .  The dense ly -in s tru m en ted  Beta netw ork, 
op e ra ted  by th e  N a tio n a l Severe Storms L abora to ry , in  c e n tr a l  Oklahoma 
i s  a d i s t i n c t  p o s s ib i l i t y  as th e  d a ta  so u rce . Because the  degree o f 
s c a le  sm oothing i s  c o n tro l la b le  a t  each a n a ly s is  s te p  from the  i n i t i a l  
o b je c tiv e  a n a ly s is  to  th e  f in a l  fo u r d im ensional ad v ec tiv e  a n a ly s is ,  the  
m esoscale fe a tu re s  o f i n t e r e s t  can be p reserv ed .
The f i n a l  recommendation fo r  fu r th e r  re se a rc h  i s  to  in v e s t ig a te  
the  s h o r t  range fo re c a s t  c a p a b i l i t i e s  o f  the  v a r ia t io n a l  models d e sc r ib e d . 
In  a d d itio n  to  u s in g  th e  ad v ec tiv e  p a t te rn s  and fo re c a s t  f ie ld s  to  iden­
t i f y  the  prim ary  a re a s  o f s q u a ll  l i n e  i n i t i a t i o n  s e v e ra l hours in  advance, 
the  d i s t i n c t  p o s s ib i l i t y  e x i s t s  o f  p a ram e te riz in g  the  d a ta  to  p ro v id e  
s e v e r i ty  c r i t e r i a ,  such as s t a b i l i t y  in d ic e s .  These o p e ra tio n a l p o s s i­
b i l i t i e s  should  be exp lo red  in  an e f f o r t  to  in c re a se  the  accuracy  o f  the 
sev ere  w eather w atches and w arn ings.
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APPENDIX A
COMPARISON OF CRESSMAN AND ANISOTROPIC EXPONENTIAL 
WEIGHTING FUNCTIONS—A CASE STUDY
Both the  Cressman W eight fu n c tio n  and the  a n is o tro p ic  w e ig h t­
in g  fu n c tio n  a ss ig n  v a lu e s  to  g r id  p o in ts  from i r r e g u la r ly  spaced ob­
se rv a tio n  p o in ts  by u s in g  th e  eq u a tio n
‘ J '  r w .k
where and a re  th e  v a r ia b le  v a lu e s  a t  the o b se rv a tio n  p o in t and 
g r id  p o in t re s p e c tiv e ly  and W  ^ is  the  w eight fo r  th a t  o b se rv a tio n  p o in t .  
Each o b se rv a tio n  i s  w eighted  acco rd in g  to  a p re s p e c if ie d  r e la t io n s h ip  
and the  sum o f  th ese  w e i^ te d  o b se rv a tio n s  i s  norm alized by th e  sum o f 
th e  w e ig h ts .
Since th e  Cressman w eig h tin g  fu n c tio n  i s  d is ta n c e  dependent 
o n ly , i t  i s  i s o t r o p ic ,  and because the  w eigh ting  fu n c tio n  i s  n o t a func­
t io n  o f  lo c a t io n , i t  i s  a ls o  homogeneous. The a n a ly s is  o f a wind f i e ld  
o r  any o th e r  a n is o t ro p ic ,  non-homogeneous f i e ld  w ith  an i s o t r o p ic ,  homo­
geneous w eight fu n c tio n  i s  l ik e ly  to  in tro d u ce  e r ro r s  in to  th e  o b je c t iv e  
a n a ly s is .
In  the  e a r ly  s ta g e s  o f  th is  s tu d y , the  Cressman w e ig h tin g  func­
t io n  was used to  o b je c t iv e ly  an a ly ze  the  wind f ie ld s  a t  each o f 19 • 
le v e ls  a t  50 m il l ib a r  increm ents from 1000 to  100 m il l ib a r s  over the  
15 by 21 h o r iz o n ta l  g r id  shown in  F igure  Al. However, a t  c e r ta in  l e v e l s ,  
th e  d ivergence  o f the  h o r iz o n ta l  wind was no t c o n s is te n t  p h y s ic a l ly  w ith
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F igure  A l. The h o r iz o n ta l  g r id  e s ta b lis h e d  fo r  the  s tu d y . The g r id  spac ing  i s  
approx im ate ly  125 km. The darkened s t a t io n  c i r c l e s  in d ic a te  lo c a t io n s
■ ■ • f r  pf> ^!^n^^ons.
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th e  syn o p tic  s i tu a t io n .  S ince the  a c c u ra te  com putation o f  th e  d iv e r ­
gence i s  necessa ry  in  t h i s  in v e s t ig a t io n ,  s ig n if ic a n t  e r r o r  in  the  
i n i t i a l  o b je c t iv e  a n a ly s is  could e a s i ly  produce unknown e r r o r  te rn s  
in  the  rem ainder o f  the  c a lc u la t io n s .
As an example, th e  d ivergence f i e ld  was c a lc u la te d  from the  
h o r iz o n ta l  wind components ass ig n ed  by a su ccess iv e  c o r re c t io n  o b jec ­
t iv e  a n a ly s is  w ith  th e  Cressman w eigh ting  fu n c tio n . The observed d a ta  
f i e ld  i s  shown in  F igu re  A2.
As shown in  F ig u re  A2, a c lo sed  low h e ig h t c e n te r  was in  c e n tr a l  
Texas w ith  a sharp  r id g e  ex tend ing  from New Mexico through Colorado and 
Kansas. Wind maxima were p re se n t in  the  no rthw est and so u th e a s t p o r­
tio n s  o f  the g r id .  S y n o p tic a lly , convergence is  a s s o c ia te d  w ith  the 
confluence o f a ir f lo w  and d ivergence i s  a s s o c ia te d  w ith  d if f lu e n c e .
The d ivergence c a lc u la te d  from the  Cressman a n a ly s is  i s  shown 
in  F igure  A3. The c a lc u la te d  d ivergence  v a lu e s  in  n o rth e rn  A rizona and 
n o rth e rn  New Mexico do n o t appear to  be r e a l i s t i c —a p p a re n tly  the  scheme 
tr e a te d  the  wind a t  INW (Winslow, AZ) and the  wind a t  ABZ (Albuquerque, 
NM) to  be s tro n g ly  convergen t. Another a p p a ren t e r r o r  e x i s t s  in  n o r th ­
e rn  Texas and c e n tr a l  Oklahoma where the  v ery  h igh  d ivergence  v a lu es  
appear to  be th e  r e s u l t  o f  the  wind d if fe re n c e s  a t  ANA (A m arillo , TX),
FTW (F o rt Worth, TX), and OKC (Oklahoma C ity , OK). A s tre a m lin e  a n a ly s is  
suggests s ig n if ic a n c e  e r r o r .
The same f i e ld  was tlien analyzed u s in g  an a n is o tro p ic  exponen­
t i a l  w eigh ting  fu n c tio n , w ith  only  one pass through th e  d a ta  f i e ld .
The d ivergence v a lu es  c a lc u la te d  from th ese  an a ly se s  a re  shown in  F ig u res  
A4a, A4b, and A4c, and appear much more r e a l i s t i c .  N otice  th a t  the
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F ig u re  A2. Observed wind f i e ld  (kno ts) a t  200 mb, 11/1200Z June 1973. The wind f i e ld
in d ic a te s  wind maxima in  the  upper l e f t  and low er r i g h t  p o r tio n s  o f  the  g r id ,  
a c lo sed  low h e ig h t  c e n te r  in  th e  low er c e n te r  and an in c l in e d  r id g e  from the 
low er l e f t  to  th e  upper c e n te r .
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D ivergence (sec  10^) computed from wind f i e ldF ig u re  A3
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analyzed  from Cressman su cc e ss iv e  c o r re c t io n  a n a ly s is ,  
200 mb, 11/1200Z June 1973.
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F igu re  A4a. D ivergence (sec  x 10 ) computed from wind f ie ld
analyzed  w ith  a n is o tro p ic  ex p o n en tia l w eigh t fu n c tio n  
a n a ly s is ,  200 mb, 11/1200Z June 1973. For the  w eigh t 
fu n c tio n , K = 0 .5  and g = 4 .0 ;  th e  v a lu e s  used in  the  
ad v ec tio n  a n a ly s is  in v e s t ig a t io n s .
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F ig u re  A4b. Divergence (sec  ^ x 10^) computed from wind f i e ld  
analyzed  w ith  a n is o t ro p ic  ex p o n en tia l w eight func­
t io n  a n a ly s is ,  200 mb, 11/1200Z June 1973 (K -  1 .0 , 
P -  4 .0 ) .
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F ig u re  A4c. Divergence (sec  ^ x 10^) computed from wind f i e ld  
analyzed  w ith  a n is o t ro p ic  e x p o n en tia l w eigh t func­
t io n  a n a ly s is ,  200 mb, 11/12002 June 1973 (K = 0 .5 , 
P -  9 .0 ) .
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s e le c t io n  o f d i f f e r e n t  s e ts  o f  K and 3 change the m agnitudes b u t n o t 
th e  p a t te rn s  o f d iv e rg en ce .
The d ivergence  v a lu es  c a lc u la te d  from th e  Cressman a n a ly s is  
have a g re a te r  m agnitude, even though the  p a t te rn s  were d e riv ed  from 
wind f ie ld s  su b jec ted  to  g re a te r  im p lic i t  sm oothing than in  the  a n a ly ­
s i s  based on the new w eig h tin g  fu n c tio n . A lso , a com parison o f  th e  
d iv ergence  p a t te rn s  shows s ig n i f ic a n t  d if f e r e n c e s  in  s ig n  o f  th e  
d iv ergence  as w e ll as  the m agnitude. The d if fe re n c e s  a re  most p ro ­
nounced in  the  v i c i n i t y  o f  th e  sm alle r w avelength  fe a tu re s  o f  prim ary 
i n t e r e s t  to  the  ad v ec tio n  in v e s t ig a t io n s .
The d if fe re n c e s  appear to  be a fu n c tio n  o f th e  iso tro p y  o f  the 
Cressman w eight fu n c tio n ; perhaps any i s o t r o p ic  w eig h tin g  fu n c tio n  w i l l  
in tro d u ce  s ig n i f ic a n t  e r r o r ,  which would a f f e c t  the v a l i d i t y  o f th e  
com putations and co n c lu s io n s  o f l a t e r  p a r t s  o f  the  s tu d y . In  any ev en t, 
th e  n e c e s s i ty  o f  accu racy  in  the i n i t i a l  o b je c t iv e  a n a ly s is  o f  the  d a ta  
f i e ld  i s  em phasized.
APPENDIX B
THE USE OF VARIATIONAL OPTIMIZATION ANALYSIS IN DATA FILTERING
V a ria tio n a l c a lc u lu s  may be used to  f in d  th e  s ta t io n a r y  p o in ts  
o f  a fu n c tio n a l ,  an in te g r a l  o f a fu n c tio n  which may be composed o f  
s e v e ra l  dependent v a r ia b le s  and th e i r  f i r s t  and second o rd e r tim e and 
space d e r iv a t iv e s ,  in  a  manner analogous to  th e  u se  o f d i f f e r e n t i a l  
c a lc u lu s  to  f in d  the  s ta t io n a r y  p o in ts  o f  a fu n c tio n  w ith  reg ard  to  
each o f  i t s  v a r ia b le s .  VIhen the  fu n c tio n a l i s  in  q u a d ra tic  form, th e  
s ta t io n a r y  v a lu es  o f  the  fu n c tio n a l w i l l  be minimum (S asak i, 1970a).
The fu n c tio n a l i s  composed o f a s e r ie s  o f w eighted te rn s  re p ­
re s e n tin g  co n d itio n s  to  be s a t i s f i e d ,  e i th e r  e x a c tly  w ith  s tro n g  con­
s t r a i n t  w eigh ting  o r  approx im ate ly  w ith  weak c o n s tr a in t  w e ig h tin g . The 
s tro n g  c o n s tr a in t  w eigh ts a re  termed Lagrange m u l t ip l ie r s  and a re  
t r e a te d  as in troduced  dependent v a r ia b le s  w ith  re sp e c t to  the  fu n c tio n a l .  
The term s re p re se n tin g  co n d itio n s  to  be e x a c tly  s a t i s f i e d  a re  p re m u lti­
p l ie d  by a  Lagrange m u l t ip l ie r  fo r  in c lu s io n  in  the  fu n c tio n a l (S asa k i, 
1 970a). For terms re p re se n tin g  c o n d itio n s  to  be approxim ately  s a t i s ­
f i e d ,  th e  square o f  th e  term i s  m u lt ip l ie d  by a  v a r ia b le  independent 
o f  the  fu n c tio n a l. This term  i s  known as a  weak c o n s tr a in t ;  term s w ith  
a Lagrange m u l t ip l ie r  a re  known as s tro n g  c o n s t r a in t s .  These weak and 
s tro n g  c o n s tr a in ts  may re p re se n t the  model dynam ics, k in em a tic s , thermo­
dynam ics, and e n e r g e t ic s .  One weak c o n s t r a in t  term common to  th e  
m a jo r ity  o f a l l  fu n c tio n a ls  i s  the  o b se rv a tio n a l c o n s t r a in t ,  a weak
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c o n s t r a in t ,  which r e la te s  th e  observed o r i n i t i a l  f i e ld  (th e  " t i ld e "  
f ie ld )  to  th e  tru e  f i e l d ,  o r  th a t  which s a t i s f i e s  a l l  c o n s tr a in ts  in  
th e  form alism . By sp e c ify in g  th e  o b se rv a tio n a l c o n s t r a in t  w e i ^ t ,  
th e  amount o f  d e p a rtu re  from th e  i n i t i a l  f i e ld  can be c o n tro l le d .
This a b i l i t y  o f the  v a r ia t io n a l  o p tim iz a tio n  a n a ly s is  method 
to  s im u ltan eo u sly  impose dynamic, s t a t i s t i c a l ,  k in e m a tic , and o th e r 
co n d itio n s  in  both d ia g n o s tic  and p ro g n o stic  forms i s  perhaps the 
m ajor advantage o f the  v a r i a t io n a l  method (S asak i, 1971). The most 
im portan t u ses o f v a r ia t io n a l  o p tim iz a tio n  a n a ly s is  have been in  da ta  
f i l t e r i n g  and in  the  i n i t i a l  assignm ent o f  d a ta  f i e ld s  c o n s is te n t  w ith  
the dynamics o r o th e r c o n d itio n s  o f  the  model in c o rp o ra tin g  th e  d a ta .
Thus, a g eo stro p h ic  fo re c a s t  model can be i n i t i a l i z e d  w ith  wind and 
g e o p o te n tia l h e ig h t f i e ld s  a d ju s te d  to  g eo stro p h ic  b a lan ce .
Each term  o r squared  ex p re ss io n  in  the  fu n c tio n a l i s  minimized; 
as many term s as can be ad eq u a te ly  tre a te d  a n a ly t ic a l ly  and com p u ta tio n ally  
may be added to  the fu n c tio n a l .  However, due to  n o ise  and u n re so lv ab le  
w avelengths in  the  d a ta , n o t a l l  co n d itio n s  can be s im u ltan eo u sly  e x a c tly  
s a t i s f i e d .  The degree to  which a co n d itio n  must be s a t i s f i e d  can be 
s p e c if ie d  through the  assignm ent o f the  w eights to  th e  weak c o n s t r a in t s .
A low v a lu e  o f  a w eigh t w i l l  a llo w  more d e v ia t io n  from the c o n s tr a in t  
th an  a h igh  v a lu e .
The weak c o n s tr a in t  w eigh ts a re  s p e c if ie d  independent o f  the  
fu n c tio n a l b u t may v ary  as a fu n c tio n  o f the s p a t i a l  and tem poral coor­
d in a te s .  The v a lu e  o f  th e  w eigh ts may be determ ined  e m p ir ic a lly  from 
exam ination  o f  the  f in a l  o r tru e  d a ta  f i e ld s ,  from s t a t i s t i c a l  d e sc r ip ­
tio n s  o f  th e  d a ta  f i e ld s ,  from a p r io r i  knowledge o f  the  r e l i a b i l i t y
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o r  accu racy  o f the  d a ta ,  which may be a fu n c tio n  o f so u rce , tim e, 
lo c a t io n ,  o r o b se rv a tio n  method; and from a n a ly t ic  so lu tio n s  o f  the  
a n a ly s is  eq u a tio n s  d e riv ed  from th e  v a r ia t io n a l  form alism . For the 
s im p le r f i n i t e  d if fe re n c e  approxim ations and assumed wave forms o f 
th e  s o lu t io n  d a ta  f i e ld s ,  th e  response fu n c tio n  fo r  v a ry in g  w eights 
can be determ ined .
In  a low pass f i l t e r ,  the  d e s ire d  r e s u l t  i s  to  suppress the 
am plitudes in  the  h ig h e r freq u en c ies  in  the  d a ta  f i e ld  by lo c a l ly  
a l t e r i n g  the  v a lu es  of th e  d a ta . This can be accom plished w ith  v a r ia ­
t io n a l  o p tim iz a tio n  a n a ly s is  by in c lu d in g  f i r s t  d e r iv a t iv e  terms as 
weak c o n s tr a in ts  in  the  fu n c tio n a l (second d e r iv a t iv e  term s, re p re se n t­
ing  c u rv a tu re , may a lso  be used (Wagner, 1971)). A h ig h  frequency in  
th e  observed d a ta  f i e ld  would appear as lo c a l ly  la rg e  s lo p e  v a lu e s ; 
th e  e f f e c t  of the  weak c o n s tr a in t  as the  f i r s t  d e r iv a t iv e  i s  to  s tro n g ly  
reduce  lo c a l ly  la rg e  s lope  v a lu es  and to  have l i t t l e  e f f e c t  on the low 
s lo p e  v a lu es  re p re se n tin g  low freq u en c ies  in  the d a ta .
The v a r ia t io n a l  fu n c tio n a l s e le c te d  as the  f i l t e r  co n ta in s  an 
o b se rv a tio n a l c o n s tr a in t  and the  f i r s t  d e r iv a tiv e  c o n s tr a in ts  in  th re e  
d im ensions. The fu n c tio n a l is
J  “ JIl { Sr{(u-u)^ +  (v-v)^}  +
( § ) '  + "y  ( I )
w here a ,  and a re  the  weak c o n s tr a in t  w e ig h ts; u and v a re  the 
an alyzed  f ie ld s  and u and v a re  th e  observed o r ass ig n ed  f i e ld s .
The s ta t io n a ry  v a lu e  o f  the  fu n c tio n a l i s  found by equating  
th e  f i r s t  v a r ia t io n  o f th e  fu n c tio n a l to  ze ro . Some b a s ic  p ro p e r tie s
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o f  the  v a r ia t io n a l  o p e ra to r , 6, a re ;
1 . V a r ia tio n  and d i f f e r e n t i a t io n  a re  perm utable (S asak i and 
Lewis, 1970; S h e e ts , 1973).
2 . V a ria tio n  and in te g ra t io n  a re  perm utable (S asak i and 
Lewis, 1970; S h e e ts , 1973).
3 . In  f i n i t e  d if f e r e n c e  form summed over the  domain, the  
commutation p ro p e rty  o f  the v a r ia t io n  i s  (from S a sak i,
1969; Wagner, 1971):
Z$V5Y = - 26VV$
4 . In  the  fo llow ing  d e r iv a tio n s , each v a r ia b le  $ v a r ie s  by 
an a r b i t r a r y  non-zero  amount 6$ in  the i n t e r i o r .  6$ is  
zero  on the  boundaries as the  boundary c o n d itio n .
5 . The v a r ia t io n a l  o p e ra to r  a c ts  on a l l  v a r ia b le s  in  much 
the  same way as a p a r t i a l  d i f f e r e n t i a l  o p e ra to r . The 
laws o f v a r ia t io n  o f sums, p ro d u c ts , r a t i o s ,  and powers 
a re  com pletely  analogous to  the  corresponding  laws o f 
d i f f e r e n t i a t io n  (H ildebrand, 1965).
The d e r iv a t io n  o f the  E uler-L agrange equation  in  the f i n i t e  d if fe re n c e
form fo r  num erical s o lu tio n  i s ,  where X, Y, and P a re  th e  summation domains:
6J = 0 = I E  S 6 [a{ (u -u )^  + (v-v)^3 + «^{(v  u )^  + (n u )^  +
XY P X X y
( V ^ v ) ^  +  (V y V )^ 3  +  a p [ ( V p U ) 2  +  (V p V )^ } ]  ( 2 )
6J  = 0 = ZZ Z 2a (u -u )6u + 2 a (v -v ) 6v + a_{2 7  uV ôu + 
X Y P t  X X
2 VyUVyôu} + Off[2 V^vv^&v + 27yWy6v}
+ «P {2 7pU Vp6u + 2 VpV Vp 6v} (3)
Use o f  the  commutation p ro p e r t ie s  o f the  v a r ia t io n a l  o p e ra to r  produces
ÔJ = 0 = E E Z  {a(u -u ) - arV^u -  ovv^u - O V^u} 26u 
XY P ^ P P
+ {a(v-v) - - ttfVyV - ttpVpV} 26v (4)
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Since the  v a r ia t io n  i s  a r b i t r a r y  on th e  i n t e r i o r ,  the  only  way 
th a t  5J can be zero  i s  fo r  th e  c o e f f ic ie n ts  o f 6u and 6v to  be z e ro .
T his c o n d itio n  forms the Euler-L agrange eq u a tio n s
. 2 2 .  2 ^  ^+ VyU) +  cifpVpU - « U  Qfu (5)
. 2 2 . 2 ~  rsv ^» f  + VyV) + «p7pV - a v  = -  Qfv (6)
These decoupled eq u a tio n s  form the a n a ly s is  eq u a tio n s . They 
a re  e l l i p t i c  p a r t i a l  d i f f e r e n t i a l  equations which can be so lved  by 
R ichardson o r  Liebmann re la x a t io n  num erical te ch n iq u es .
The re la x a tio n  techn ique  fo r  sp e c if ie d  boundary v a lu es  i s  a  con­
v e rg e n t, i t e r a t i v e  p rocess in  the  g r id  i n t e r i o r .  The i n i t i a l  f i e ld s  form 
the  f i r s t  guess f i e l d ,  a r e s id u a l  i s  computed and a c o rre c t io n  i s  a p p lie d  
to  the  c u r re n t  v a lu e , and th e  i t e r a t i o n  co n tin u es  u n t i l  th e re  is  conver­
gence to  a p re -s e le c te d  to le ra n c e . In  the  use o f th e  v a r ia t io n a l  te c h ­
n ique  to  f i l t e r  d a ta  f i e ld s ,  th e  au th o r noted th a t  convergence was 
s ig n i f ic a n t ly  in c reased  by e lim in a tin g  sharp g ra d ie n ts  on the  boundaries 
w ith  a Hanning f i l t e r  (Blackman and Tukey, 1958). The boundaries th en  
rem ain c o n sta n t d u rin g  the  r e la x a t io n .
To so lve  the  a n a ly s is  e q u a tio n s , eq u a tio n s  (5) and (6) a re  ex­
p re sse d  in  c en te r-sp a ce  f i n i t e  d if fe re n c e  form and then  non-d im ensionalized  
and sca le d  so th a t  the  term s a re  o f  the  same m agnitude in  the  a n a ly s is  
e q u a tio n s . The c e n te r  space f i n i t e  d if fe re n c e  form fo r  a th re e -  
d im ensional g r id  w ith  the  i ,  j ,  and k d ire c t io n s  corresponding  to  x , y , 
and p re s p e c tiv e ly . E quation  (5) becomes
^  ( " i , j + l ,k  " i , j - l , k  " i + l , j ,k  V l , j , k  " 4 " i , j ,k  
i  -2“i.j,k>-»i,j.k + *“i,j,k - “ (7)
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where d i s  th e  g r id  d is ta n c e  in  the  i  and j  d i r e c t io n s  and h i s  the  
g r id  d is ta n c e  in  th e  k d i r e c t io n .
C o lle c t  terms and re w rite  as
J  ( " i , j + l , k  " i , j - l , k  “ i + l , j . k  " i - l , j , k )
^  ( " i , j , k + l  - " i , j , k + l )  ^
2cv
< - 3 - - 7  - ) " i . j . k  =
(8 )
th u s ,  B u .  . . + A + C = O i s  th e  d e s ire d  num erical s o lu t io n .  For the  
i» ];K
n*"^  i t e r a t i v e  pass (and n o ta t io n a l ly  dropping th e  s u b s c r ip ts  o f u ) ,
B + C = R esid u a l”  (9)
when a c o r re c t io n  i s  a p p lie d  to  u , the  r e s id u a l  v a n ish e s  to  produce
B + a”  + C = 0 (10)
I f  e q u a tio n  (10) i s  s u b tra c te d  from (9 ) , th e  r e s u l t  is
n+1 n  R esidual”u  =   g  (11)
S u b s t i tu t io n  o f B back in to  the  ex p ress io n  produces
n f l  n . R esidual”
The s u b s t i tu t io n  o f (9) in to  (12) produces the c o r re c t io n  to  app ly  u 
s e q u e n tia l ly  a t  each g r id  p o in t  u n t i l  the  d e s ir e d  convergence i s  
ach iev ed . This i s
tri-1 n . a”  + Bu”  + C (13)
"  " "
d^ h '
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<3 + ^  ° “" l. l .k  + ("î.j.k + "Î.J.k-l^ 
("î.j+i.k + "î,j-i,k + "î+i,j,k + "î-i,j,k>
4a_ 2ct 1 et
and (5 + - - 2  + - 2 > ' ' t j , k  ‘  ^ i . J . k  + j i ' ' '" ,  J ,k+l +  ’' î .  J,k-1>
To examine the  a n a ly t ic a l  response fu n c tio n , which i s  d e fin ed
as the  r a t i o  o f the  analyzed  wave am plitude to  the  i n i t i a l  wave am pli­
tude as a fu n c tio n  o f  w avelength , assume th a t  u and u have the  a n a ly t ic
form
3  .  A +  ky + op) (16a)
u .  A a ^ k K  + ky +  nP) (16b)
where k and n a re  wave numbers in  the  h o r iz o n ta l  and v e r t i c a l  d i r e c t io n s ,  
and s u b s t i t u te  in to  th e  a n a ly s is  equ atio n s  (5) and (6 ) . For the  
a n a ly s is  eq u a tio n  fo r  u o n ly , a f t e r  th e  s u b s t i tu t io n  of (15a) in to  
( 5 ) ,  c a r ry in g  o u t the  in d ic a te d  d i f f e r e n t i a t i o n  ( in  continuous fo rm ), 
and c an ce lin g  th e  ex p o n en tia l term  which rem ains unchanged, the  r e s u l t  
i s
-  Zk^ofgA - n^tfpA = q?(A-A) (17)
E xp ress in g  the  a n a ly t ic  response  fu n c tio n , R, a s  A/A, th e  response
fu n c tio n  i s  2 2
2k a f n a_ _i
R = (1 + + ----- h  (18)
a  a
To determ ine th e  f i l t e r  response  fu n c tio n  o f the  f i n i t e  d i f f e r ­
ence an a lo g , we need i n i t i a l l y  c o n sid e r only  the  response  in  th e  x
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d ir e c t io n .  The assumed forms o f  th e  analyzed and i n i t i a l i z e d  u f ie ld s  
a re ,  in  f i n i t e  d if f e re n c e  form
u = A (19a)
~  ,  X ^ K k rA x ) (19b)
where k = 2 tt /L , the  wave number, and x = rAx, and Ax = g r id  spacing . 
The a n a ly s is  eq u atio n  (7) in  th e  x  d i r e c t io n  i s
— 2  - 2u^) = a (u -u )  (20)
Ax
S u b s ti tu t io n  o f eq u a tio n s  (19a) and (I9b) in to  (20) produces 
A«f
— ^ [ e x p ( i k ( n + l ) Ax) + e x p ( i k ( r - l ) A x ) - 2  exp(ik rA x)]
Ax
= a(A-'X) exp(ikrA x) (21)
C an c e lla tio n  o f the  ex p o n en tia l term  y ie ld s
^  ( a ^ " ^  + -  2) = â(A -S ) (22)
AX
Use o f th e  i d e n t i t i e s
2 cos(x ) =* e ^  +  e ^
2 cos(2x) - 2 = -4  s in ^ (x )
produces
— ,  (-4  s in^  (kAx/2)) = f  (A-A) (23)
AX
which s im p lif ie s  to  th e  response  fu n c tio n
A 2 TT -1R = ~  = (1 + - —,  s in  ( r- Ax)) (24)
A aAx^
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S im ila r ly ,  the  response fu n c tio n  in  th e  p p lane  i s
o
R = (1 +  2 s in  ( -  Ap))
^ aùp
The low pass f i l t e r  c h a r a c te r i s t i c s  o f the  f i r s t  d e r iv a t iv e  
f i l t e r  may e a s i ly  be v e r i f i e d  from eq u ation  (24 ). As th e  w avelength 
L, exp ressed  as a m u ltip le  o f  Ax, in c rease s  from tw ice th e  g r id  spacing  
(which corresponds to  the N yquist frequency) to  la rg e  v a lu e s , th e  
f i l t e r  response  fu n c tio n  approaches a va lue  o f 1; i . e . ,  no am plitude
change fo r  th a t  w avelength . As w ith  the  m a jo rity  o f  f i l t e r i n g  te c h ­
n iq u e s , a l ia s in g  w i l l  occur fo r  freq u en c ies  g re a te r  than  the  N yquist 
frequency , the  h ig h e s t re s o lv a b le  frequency . Since the  N yquist f r e ­
quency i s  d efined  in  terms o f  the  g r id  spac ing , the  f i l t e r i n g  ch arac ­
t e r i s t i c s  a re  a fu n c tio n  o f th e  g r id  spac in g . I t  i s  advantageous 
th e re fo re  to  s e le c t  a g r id  in te r v a l  sm alle r than the  d a ta  measurement 
p o in t sp ac in g . This r e s u l t s  in  a g re a te r  d isc r im in a to ry  f i l t e r i n g  
c a p a b i l i ty .
To t h i s  p o i n t ,  th e  e q u a t io n s  and d e r i v a t i o n s  may b e  r e g a r d e d  
a s  e i t h e r  d im e n s io n a l  o r  a s  s c a l e d  and  d i m e n s i o n l e s s .  H o w ev er , th e  
c o m p u ta t io n s  and th e  s e l e c t i o n  o f  t h e  w e ig h t s  a r e  s i m p l i f i e d  w h en  th e  
e q u a t io n s  a r e  i n  s c a l e d ,  n o n - d im e n s io n a l  fo rm .
For the  a n a ly s is  e q u a tio n  (5)
, 2  2 .  ,  2 . ~  f»
Off (v^u + VyU) + «P (VpU) - a  u = - a  u
l e t  each v a r ia b le  be the  p ro d u c t o f  a  " s t a r ” term and a "prim e" term 
where th e  primed term i s  d im ension less  and o f  the  m agnitude o f  one.
Thus,
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O f ,  -  4  OfJ
ffp -
u = u* u '
ÏÏ = u* u '
, 2 1 2 ’
?x -  l2  9% a
2 1 2 '
?y = ?y
2 1 2 '
The s u b s t i tu t io n  o f  th e  v a r ia b le s  and o p e ra to rs  in to  e q u a tio n  (5) and 
th e  c o l le c t io n  o f a l l  d im ensional terms produces
*  *
( - ^ )  Of' + Vy " ' )  + (—^ )  Ot'vl = a ' ( u ' - u ' )  (26)
o*d ^ y ^ h  P ^
The s e le c t io n  o f the  sc a le  v a lu es  i s  la rg e ly  independent on the  
s c a le s  o f  i n t e r e s t  in  the  study  and th e  g r id  sp ac in g  e s ta b l is h e d . For 
th is  s tu d y , the  s c a le  v a lu e s  a re
u* = 10 m /sec 
d = 125 km 
h = 50 mb
To reduce the  l e f t  hand s id e  o f  eq u a tio n  (26) to  th e  o rd e r o f  
m agnitude o f  one, s e le c t
y  = 1
a ,*  = /  
* =  t?
“ P
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Equation  (26) then  becomes id e n t ic a l  to the form used fo r  th e  
d e r iv a t io n  o f th e  f i l t e r  re sp o n se . The only  d if fe re n c e  i s  th a t  v a r i ­
a b le s  and param eters have s c a le d , non-dim ensional v a lu e s . For exam ple,
2 2 in  eq u a tio n  (24) , the  d im ensional v a lu e  o f Ax is  n e a r (125 km) ; th e
2 2non-dim ensional v a lu e  o f  Ax i s  (1) .
The response  fu n c tio n  o f eq u a tio n s  (24) and (25) may e a s i ly  be 
c a lc u la te d  fo r  any wave le n g th  in  m u ltip le s  of the  g r id  sp ac in g . The 
response  fu n c tio n s  fo r  bo th  f i r s t  d e r iv a t iv e  f i l t e r s  and second d e r iv a ­
t iv e  f i l t e r s  a re  p u b lish ed  by Wagner (1971). The response  fu n c tio n  fo r 
the  f i r s t  d e r iv a t iv e  f i l t e r  term  com prises a  fam ily o f  cu rv e s . S ince  
the  measurement p o in t spac in g  (no t the  g r id  spacing) in  th e  h o r iz o n ta l  
and v e r t i c a l  d e fin e s  th e  minimum re so lv a b le  w avelengths in  th e  d a ta ,  
the  f i l t e r i n g  response should  d i f f e r  fo r  h o r iz o n ta l  and v e r t i c a l  wave­
le n g th s . This i s  c o n tr o l la b le  by a d ju s t in g  the r a t i o  o f  th e  non- 
d im ensional w e ig jits , as shown in  W agner's study . The response  fu n c tio n s  
shown in  F igu re  Bl i l l u s t r a t e  the  fam ily  o f  response fu n c tio n s  fo r  th is  
in v e s t ig a t io n .
I t  should  be no ted  th a t  th is  f i l t e r  technique does n o t produce 
a phase s h i f t  o r  frequency  change. This fe a tu re  i s  found in  o th e r  
f i n i t e  d if f e r e n c e  f i l t e r s  (H a lt in e r ,  1971).
79
1.0
0. 8
curve
0 . 6
0.063
0.125
0.250
0.500
1.000
g
g  0 .4
CO
0.2
0.0
18 201612 14106 842
WAVELENGTH
F igure  B l. Response fu n c tio n  o f the  f i r s t  d e r iv a t iv e  f i l t e r
as a fu n c tio n  o f  w avelength , expressed  as m u ltip le s  
o f  th e  g r id  in te r v a l ,  fo r  v a ry in g  r a t io s  o f  f i l t e r  
w e ig h t, a ,  to  o b se rv a tio n a l w e ig h t, a.
